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ABSTRACT

This paper introduces a multiagent reinforcement learning
algorithm that converges with a given accuracy to stationary
Nash equilibria in general-sum discounted stochastic games.
Under some assumptions we formally prove its convergence
to Nash equilibrium in self-play. We claim that it is the first
algorithm that converges to stationary Nash equilibrium in
the general case.

Categories and Subject Descriptors

1.2.6 [Artificial Intelligence]: Learning; 1.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence—Multia-
gent systems

General Terms
Algorithms, Theory

Keywords

algorithmic game theory, stochastic games, computation of
equilibria, multiagent reinforcement learning

1. INTRODUCTION

Reinforcement learning turned out a technique that al-
lowed robots to ride a bicycle, computers to play backgam-
mon on the level of human world masters and solve such
complicated tasks of high dimensionality as elevator dis-
patching. Can it come to rescue in the next generation of
challenging problems like playing football or bidding on vir-
tual markets? Reinforcement learning that provides a way
of programming agents without specifying how the task is to
be achieved could be again of use here but the convergence of
reinforcement learning algorithms to optimal policies is only
guaranteed under the conditions of stationarity of the en-
vironment that is violated in multiagent systems. For rein-
forcement learning in multiagent environments general-sum
discounted stochastic games become a formal framework in-
stead of Markov decision processes. Also the optimal pol-
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icy concept in multiagent systems is different — we can’t
speak anymore about optimal policy (policy that provides
the maximum cumulative reward) without taking into ac-
count the policies of other agents that influence our payoffs.
In the environment where every agent tries to maximize its
cumulative reward it is the most natural to accept Nash
equilibrium as the optimal solution concept. In Nash equi-
librium each agent’s policy is the best response to the other
agents’ policies. Thus no agent can gain from unilateral de-
viation.

A number of algorithms [1, 2, 4, 5, 6, 7, 8, 9] were pro-
posed to extend reinforcement learning approach to mul-
tiagent systems. The convergence to Nash equilibria was
proved for very restricted class of environments: strictly
competitive [6], strictly cooperative [2, 7] and 2-agent 2-
action iterative game [1]. In [5] convergence to Nash equi-
librium has been achieved in self-play for strictly compet-
itive and strictly cooperative games under additional very
restrictive condition that all equilibria encountered during
learning stage are unique [7].

In this paper we propose a reinforcement learning algo-
rithm that converges to Nash equilibria with some given
accuracy in general-sum discounted stochastic games and
prove it formally under some assumptions. We claim that
it is the first algorithm that finds Nash equilibrium for the
general case.

The paper is organized as follows. In section 2 we present
formal definitions of stochastic game, Nash equilibrium, as
well as prove some theorems that we will need for equilib-
rium approximation theorem in section 3. Section 3 is de-
voted to discussion and necessary experimental estimations
of the conditions of the equilibrium approximation theorem.
In sections 5 and 6 the developed algorithm Nash-DE' and
analysis of the results of experiments are presented corre-
spondingly.

2. PRELIMINARIES

In this section we recall some definitions from game theory.

Definition 1. A pair of matrices (M', M?) constitute a
bimatrix game G, where M' and M? are of the same size.
The rows of M* correspond to actions of player 1, a' € AL,

'"Maintaining the tradition the name of the algorithm re-
flects the result — the approximation of Nash-equilibrium
as well as the approach — differential equations.
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The columns of M* correspond to actions of player 2, a? €
A2, A' and A? are the sets of discrete actions of players 1
and 2 respectively. The payoff rk(al, a?) to player k can be
found in the corresponding entry of the matrix M*, k =1, 2.

Definition 2. A pure e-equilibrium of bimatrix game G is
a pair of actions (al,a?) such that

r'(al,a?) >r'(a",a) — e foralla' € A'

r(ar,a?) > r*(al,a®) — e for all a* € A

Definition 3. A mixed e-equilibrium of bimatrix game G
is a pair of vectors (pi, p2), such that
peM'p? > p' M'pZ — e for all p' € o(A")
piM?p2 > pi M?p? — ¢ for all p* € o(A?)

where o(A*) is the set of probability distributions over ac-
tion space A¥, such that for any p* € o(A"), D ek k=1

p'M*p? D> part(al,d®)pie =

aleAl a2€ A2

Z Zr(aa Hpaz

aleAl a2€A?

is the expected reward of agent k induced by (p', p?).

Definition 4. Nash equilibrium of bimatrix game G is e-
equilibrium with € = 0.

Obviously definitions 1, 2, 3 and 4 can be generalized for
arbitrary number of players.

Definition 5. A 2-player discounted stochastic game T is
a 7-tuple (S, A', A% ~, !, 72, p), where S is discrete finite set
of states (|S| = N), A* is the discrete action space of player
k for k =1,2 (JA¥| = m*), vy € [0,1) is the discount factor,
k.8 x A' x A2 — R is the reward function for player
k bounded in absolute value by Rmax, p : S X Al x A% =
A is the transition probability map, where A is the set of
probability distributions over state space S.

Discount factor « reflects the notion that a reward at time
t + 1 is worth only v < 1 of what it is worth at time ¢.

Every state of a 2-player stochastic game can be regarded
as a bimatrix game.

It is assumed that for every s,s’ € S and for ev-
ery action a' € A' and a® € A2, transition probabili-

ties p(s|s,a',a?) are stationary for all t = 0,1,2,... and
Soesp(s'ls,at a?) =1
Policy of agent k = 1,2 is a vector z* = (x'§1 , xﬁz . ,fo),

k k k .
where z¥ = (:cmk,m ok Taak ), 2n € R being the prob-
m

ability assigned by agent k to its action h € A* in state s.

A policy z* is called a stationary policy if it is fixed over

time. Since all probabilities are nonnegative and sum up to
k

one, the vector ¥ € R™ belongs to the unit simplex A* in

mF-space defined as

k
F = {zF eRT

> e =1)

ake Ak
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The policy z* will belong then to policy space of agent k:

0" = x,esA”

Each player k (k = 1,2) strives to learn policy by im-
mediate rewards so as to maximize its expected discounted
cumulative reward (players don’t know state transition prob-
abilities and payoff functions):

oo
o (s, 2", 2%) = Z'ytE(rf\:cl,wQ,so =5)
t=0

where 2! and 2? are the policies of players 1 and 2 respec-
tively and s is the initial state.

v¥(s,z',2%) is called the discounted value of policies
(z',2?) in state s to player k.

Definition 6. A 2-player discounted stochastic game I' is
called zero-sum when 7' (s, a', a?) + r%(s,a', a*) = 0 for all
s€ 8, a" € A' and a? € A?, otherwise general-sum.

Definition 7. A  e-equilibrium of 2- player discounted
stochastic game I' is a pair of pohc1es (m*,:c*) such that
for all s € S and for all policies 2! € ©' and 2? € ©2:

’Ul(S,.I‘i,J}i) > U1(57x1712) —¢€
v¥(s, i, 2d) > 07 (s, 21,2%) — €

Definition 8. Nash equilibrium of 2-player discounted
stochastic game I is e-equilibrium with € = 0.

Definition 9. A n-player discounted stochastic game is
a tuple (K,S,A' ... A" ~,7',...,r",p), where K
{1,2,...,n} is the player set, S is the discrete state space
(JS| = N), A* is the discrete action space of player k
for k € K (JA*| = m”), v € [0,1) is the discount fac-
tor, r* : 8 x A' x A2 x ... x A® — R is the reward
function for player k bounded in absolute value by Rmax,
p:Sx A x A% x ... x A" — A is the transition probabil-
ity map, where A is the set of probability distributions over
state space S.

Definitions 6, 7 and 8 can be generalized for n-player
stochastic game.

Definition 10. A proﬁle is a vector = (x',2? ,x™),
where each component z* is a policy for player k E K . The
space of all profiles ® = X yex OF.

Let’s define the probability transition matrix induced by
x:
n

i=1

(s']s,a",a®
? ) LA

DD >

aleAl a2€ A2 ameA™

(s'|s,x) =

'I5,2))s,57es

P(z) = (p(s

The immediate expected reward of player k in state s
induced by z will be:

1 2
53?) (s,a ,a”,..

2. > 2

alcAl a2¢A2 aneA™

n
n i
Sa') | | zha
i=1
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Then the immediate expected reward matrix induced by
profile x will be:

- (,r,k (57 x))ses,kEK

r(z)

The discounted value matrix of z will be [3]:

o(@) = [ - vP(@)]”

where [ is N x N identity matrix.
Note that the following recursive formula will hold for the
discounted value matrix [3]:

tr(@)

v(@) = r(z) + 7P(x)o(x)

The kth columns of r(z) and v(z) (the immediate ex-
pected reward of player k induced by profile x and the dis-
counted value of x to agent k) let us respectively denote
r*(z) and v®(z).

2.1 Useful Theorems

In this section we will prove a lemma and a theorem
for an arbitrary m-player discounted stochastic game I' =
<K7S7A17 ‘,An7fy,,r17"'7rn,p>'

LEMMA 1. Ifk € K,z € ® and v,e € RN
v > (@) +yP(z)v —¢

are such that

then v > v (x) — 32 7' P'(z)e.
Proor.
v > (@) +yP(@)[r" (@) + yP(x)v — ] — €

= (@) + Pyt (@) + P ()

€ —yP(x)e

Upon substituting the above inequality into itself ¢ times
we obtain:

(@) +yP(2)r (@) + " P (2)r* (z) +

oot

PP @)t (@) 44 P

e —yP(x)e — P} (x)e — ... — 4" ' P (@)e

>
J’_
+

which upon taking the limit as ¢ — oo, yields v > vk(a:) -
Yo P (z)e. O

THEOREM 1. From 1 = 2

1. For each s € S, the wvector (zl,z2,...,z%)
constitutes an  e-equilibrium  in  the n-matric
game (B, B2 ...,B") with equilibrium  pay-
offs (v, v%,...,v%), where for k € K and
(a*,a?,...,a™) € A' x A% x x A" entry
(a',d?,...,a") of B¥ equals
b (s,a,a?,...,a") = 1r¥(s,a',d?, ..., a")

12
+ 7Y (p(s']s,at,a?, . a")
s'eS
+ ¢(s']s,a,d?, ... a™))
vk + ok
where —o < 0¥ < o, —¢ < ¢(s'|s,a’,a?,...,a") <.
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2. x 1s an e-equilibrium in the discounted stochastic game
T where e = [2y(0+sN maxy, s [v5 |+ Nso)+e] S5 7.

ProoOF.
bk(s,al,aZ, coa) = rk(s,al,aZ, coah)+
+ Y ZP(S/‘S7a17a27...7an)U§/ +
s'es
+ v Z s(s'|s,a',a?, .. .,a")vfl +
s'eS
+ v Z p(s/\s,al,az,l..,a")a )
s'esS
+ vz s'ls,a',d®, ... a")ok
s'es
= r¥(s,a',d%, ... a") +&5(s,at .. a") +
+ Y ZP(S/‘S7al7a23~"7an)vls€’
s'eS
where

(s,a",a?,. . d") =~ Z p(s']s,a',a?,. .. a")ok
s'eS

+ v Z g(s'\s,al,aQ,...,an)v? +
s'eS

+ v Z <(s/\s,a1,a2,l..,a")af,
s'esS

Let’s estimate the worst case:

n
— vz s'|s,a',a?,... a0
s'eS
Y e Y
ses  ° s'es
< 7Zp(s/|s,al,a27.,.,a")of/
s'es
+ ’yZ§(5'|s,al,a2,...,a")v§/
s'eS
—+ 'yZg(s’|s,a1,a2,...,a")a§
s'es
< ’yz s'|s,at,a”, ..., 0o
s'es
Y e Y
ses  ° s'es

Let’s denote w = yo 4+ y¢N maxy,s |v'§| + yNgso

—w< & (s,a',a®,...,a") <w

Let’s take some arbitrary f € ©'. If (1) is true, then for
each state s € S by definition of e-equilibrium:

1 2 1 2
r (Svax 77$n)+< (S,f,l’ ’.”,mn)
+ 'sz(sllsafvx2v"-7xn)vi/Svi_"e
s'esS
where
n
k k 1 2 i
C (S,CU): Z Z Z f (S7a ;@ 7"'7an)Hm.Zsal
aleAl a2€ A2 a"eA™ i=1
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In the worst case:

Y Y Y wo[eh <

aleAl a2€ A2 aneA™  i=1

< Z Z Z Ek(s,al,a2,...,

aleAl a2€A2 aneA™

<Y Y Y o

aleAl a2€A2 aneAn  i=1

n

n 2

a )l |Sﬂsai <
1=1

—w < Fs,2) <w

/|Svfa I27 .. '7xn)vi/

rl(sﬁf7m2""7mn)+’yzp(s

s'esS
< v; +w+te
Applying the lemma 1 we get
o (f, 2%, ..,z w+ez
t=0

for all f € ©', and by symmetrical arguments it follows that

oo

(et T T ) — (w e)Zyt <oF
t=0
for all k € K and for all f € ©,
But
ot =1t (@) + 9Pt + F ()
vt = (@) +yP@)" (@) Pt + )] + ¢ )

= (@) +yP(a)r" (2) +4° P (a0
+ F@) +rP@)CE @)

Upon substituting the above inequality into itself and tak-
ing the limit, we get:

F =0t @) + ) AP ()¢ (@)

o (x) —wZ’yt <o < oF(x) —l—wZ'yt
t=0

t=0

ko 1 k—1 E+1
vz, .2 fix

—(w+ed 4
t=0
< @) tw) o
t=0
for all k € K and for all f € ©*.
vk(xl,...,xk_l,f,mk+l T )<v () 4+ (2w +¢€) Z’yt
t=0

for all k € K and for all f € ©F.
So the condition of theorem 1 is satisfied with ¢ = [2(yo +
s N maxy, s [vF| + YNco) + € 3252, 7" and we get (2). O

3. «EQUILIBRIUM THEOREM
Let

D= (K S A", ... A" ~,r' .., p)

and

[ = (K,8, A" ... A" v, et " D)

be n-player discounted stochastic games such that:
foralls’ € Sand (s,a',a?,...,a") € SxA*x A%x. .. xA™

p(s|s,ar,a?,...,a") = p(s'|s,at,a?, ... a™)

+ o(s'|s,atya?, ... a™)

where —¢ < ¢(s'|s,at,a?,...,a") <.

Since the agents in reinforcement learning don’t know
transition probabilities they have only an approximation T
of the actual game I' at each learning stage. We suppose
though that the agents have already learned the reward func-
tions.

Further on™ will indicate that we are using an approxima-
tion of transitions p instead of the actual transitions p for
calculation of the corresponding values.

Let’s consider the following system of differential equa-
tions:

k
dfl;h = (95 (2) — 7 (2)]a" keK,seS he A
(1)
where

Ien(z) = (s, x) +7 Y Bls'|s, )00 ()

s’eS

and x denotes the profile equal to = but where player k plays
pure strategy h in state s.

Let 2%, (t) for k € K,s € S and h € A* be the solution of
the system of differential equations 1 satisfying some initial
conditions:

28, (0) = 25" € (0,1), > aky(0)=1

he Ak

Let y denote the profile where y¥, = % o k. (t)dt for
some 7.
And let v = (vf)sgs,kEK denote the matrix where v* =

L [Tk ().
Let

vin(y) =1"(s,0) +7 Y B(s'|s, 00l

s'es

where ¢ stands for the profile equal to y but where player k
plays pure strategy h in state s.

THEOREM 2. If T, €1,€2,€3,€4 € R are such that:

1. forallk € K and s € S 3C1¥ and C2% : C1F U2k =
AF and C1¥ N C2% = 0 and such that

(a) for all h € C1%: | L Inak, (T) -
(b) for all h € C2%: LInak, (T) -

% lnmfh(0)| < €
% In :cfh(O) < —€

(¢) 2necar Yan(maxe an ve; — viy,) < €2



Natalia Akchurina + Multiagent Reinforcement Learning: Algorithm Converging to Nash Equilibrium in General-Sum Discounted Stochastic Games

2. forallk € K, 5,5 € S and (a*,d?,...,a") € A' x

A% x ... x A" the following holds:
T n i n i

(a) ‘L fo | B itk Lsai (t)dt — Hi:l,i;ék Ysai

(b) ‘71‘0 s’ :L 1,i#k saldt

then
yk, = T fo z, (t)dt constitute e-equilibrium of discounted

stochastic game T where ¢ = [2y(o4+¢N maxy s [vF|+Neo)+
€327 and € = 2e1+2Rmaxes [[1_, m"+2vea [[1_, m"+
€2 and 0 = 3e1 + 3Rmaxes [ [, m" + 3vea [[}_, m* + eo.

< €3

<e€

IS

n i
’ Hi:l,i;ﬁk Ysai

PROOF. Let

ED DB

aleAl a2eA?

ak—1cAk—1 gk+1g Ak+1 aneA™

7“k(s,al,¢127 coa” bt .,a™) ﬁ Yo+
i=1,i%k
(DD > 2 > 2

alcAl g2c A2 ak—1lcAk—1 gk+1gc gk+1 an €A™ s'eS

n
~ .1 2 k—1 k+1 ny, k i
p(s'|s,a ,a”,...,a"  hya" L L A g || Yeui
i=1,itk

and

blsc = EheAk b?hyfh

If we could show that for some ¢ and o and for all k € K,
s€ S and h € A*:

1. b¥, < bF + € (in other words that y5, = + fo zh, ()dt
constitute e-equilibrium of corresponding games with
equilibrium payoffs (b2,52,...,0%))

2. |b§—v§’ <o

then by applying the theorem 1 we could get the implication
in question.

Let’s consider arbitrary agent k € K and state s € S.

Without losing generality let C1¥ = {a¥,...,af} and
C2F ={afyq,...,a" )}

Let’s consider the first case:

Since T' < oo x%,(t) > 0 on [0,7] and

!

Inz* ) = l’lsch — 9k _ ~k
(nmsh) - l‘k - sh(x) Vs (ZL’)
sh

which gives, if one integrates from 0 to 7' and then divides
by T

T T

‘l/oTﬁ’;a,f(x(t))dtf%/oTik( ())dt‘ <a

] ot 1 [ | < e

Upon using the properties of integral we get:

(@)= a0 = 3 [ @i [ o)

—/ 9%, (z(t))d

- Y Y

aleAl a2€A?

ak—1c Ak—1 gk+1g Ak+1 aneAn

k 1 2 gkt E+1
r(s,a ,a”, ..., Jhydt o a™)
I e

i=1,i#k

EDIED SIS DD > >

alcAl a2c A2 ak—lcAk—1 gk+lcAk+1 aneA™ s'eS

ﬁ(s/\s,al,aQ,A..,akfl,h,akﬂ,...,a")
1T, S
~ i
f/ v (@®) [ wle()dt
0 i=1,i%k

Let

*/ [1 a1 / @lgr ()dt = 3.,

i=1,1#k i=1,1#k

and

/ G [T e — 7|

i=1,i#k
n
H / Tsat = oty
i=1,i#k

j=1L....mm°...m

And according to prerequisite 2:
—e3 < €344 < ez and —e4 < 6455,1, < €4.
Thus we get:

%/0 O, (x(t))dt

aleAl a2€A2 ak—1gAk—1 gk+lgcAk+1 a™EA™

k 12 k—1 k+1 n
r(s,a,a”,...,a" ,h,a"" 7, . a")
H / sa" dt+63&q

+VZZ-~Z > > >

alcAl a2c A2 ak—lcAk—1 gk+lcAk+1 an€eA™ s'eS

p(s|s,at,a?, ..., a" " hd e
1 (7T =1 (T,
f/o vs/(ac(t))dﬁ. H f/0 Z'Sai(t)dt+€4ss/‘,
1=1,i#k
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ZZ > > )

aleAl a2€ A2 ak—lcAk—1 gk+lcpok+1 ancAn
k 1 2 k—l 1
r(sa a,..., Jhoa Tt a™)
11 / 2 i (D)t
i=1,i#k

2. 2

a" €A™ s'eS

T TOY

aleAl a2€ A2

> 2

ak—1lecAk—1 gk+1c Ak+1
k—1 k+l n
7a 7h7a’ )
I % / 2 (Ot + .
i=1,ik

2

m- ..

ﬁ(s'|5,a1,a2,...

z / o (1))t -

< €5 and €5

where —e5 < €5k, m! .m" (Rmax€s +

ye4) = (Rmax€3 + 764) Hk ,m"
Apparently fo 9% (x(t))dt = b, + €5k, -
Hence we will have the following 1nequahtles:

_ %/OT T (@(t)dt < es

k
—€p < bsa’f

—ep < b};a */ dt < €g
where eg = €1 + €5
So the diﬁerence between b%, for h € C1% and
T fo ¥ (x(t))dt won’t exceed .
tween any two bsh1 and bsh27 hi,he € C1* won’t be more
than 2e¢g.
For all h € C2% the following condition holds:

Hence the difference be-

1

2 g (T) — 2 ek (0) < —

T

1"
bh, + €gk, — ?/ D (x(t))dt < —er
o 0

b’:hf—/ 3

Let bsh* = maxy ¢k bk,
If h. € C1* then for any h € C1¥ the difference between
corresponding b*, and bfh* won’t exceed 2¢¢ (as we have al-

))dt < es —e1 < €5+ €1 =€

ready demonstrated the difference between any two b’jhl and
bsh27 hi,he € C1* won’t be more than 2¢6). If hy € Cc2k
then for any h € C1* the difference between corresponding
bk, and b¥,_ also won’t exceed 2¢6 (b¥), from C2% that devi-

ates from + fOT ¥ (x(t))dt on more than es can’t for sure be

/3V

the maximal for the whole A* because it will be less than
any b%, for h € C1%).
The condition
> yen(maxwyy; —
Y

e
heC2k

th) < €2

we can rewrite as

D byi— D bhyi <e

heC2k heC2k
kK kK
E bshYsn > E bsh, Ysh — €2
heC2k heC2k

bs =D pear binybn = D hectk ey, + > hecat iyl >
Zhecyg(bfh* - 2€G)y§h + Zheczg bfh*yfh - €
b];h* D oheak Yl — 2€c Zhecﬂ;’ Yon — €2 > bl;h*
Thus the first inequality b’;h < b* + € that we must prove

will hold with € = 2¢6 + €2 for all h € A,
As we have just demonstrated for all h € A*:

bkhf—/ T

If we multiply each inequality by 3%, accordingly and sum
up we will get:

—266 — €2
dt<€6

Z binyan — Z / 0 ((t))dt - yoy, < Z €6Ysn

he Ak he Ak he Ak

- [

From the first inequality that we have already proved and
the estimations of b¥, for h € C1¥ we can derive:

. " 1t
766<bgh */N t<b +€*T/
0

1 (T
—e—e < bf — 7/ ¥ ((t))dt
T Jo
The second inequality:

oF — L [T 58 (2(t))dt] < o will hold with o = 3e6 + €.
Let’s calculate € and o.

dt<€6

€E =

266 + €2 = 2(€1 + €5) + €2 =

n
2(e1 + (Rmax€s + y€a) H )+ e =

2€1 + 2Rmaxes H m" + 2ves H m" + e

k=1 k=1

3es + €2 = 3(e1 +€5) + €2

n
3(61 + (Rmax€3 + 754) H mk) + €9 =

k=1

n n
3€1 + 3Rmaxe€s H m" + 3yes H m" + e

k=1 k=1
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Applying the theorem 1 we get the the implication in ques-
tion. [

4. DISCUSSION AND EXPERIMENTAL
ESTIMATIONS

Let’s consider the conditions of the theorem 2 in detail.
For each orbit =¥, (t) there are only two possibilities:

1. for any t € [0,00) the orbit z¥,(t) remains bounded
from 0 on some value § > 0

2. ¥, (t) comes arbitrarily close to 0

In the first case we can reduce €; arbitrarily by increasing
T (k belongs to C1%¥ in this case).

In the second case if the condition on €; for class le
holds — k belongs to C1¥ otherwise to C'2% (% Inzh, (T) —
2 In%,(0) > 0 will never be true for big enough 7).

We can arbitrarily decrease ez by increasing 7" in the sec-
ond case since ¥, is a bounded function.

e3 and €4 are much more difficult to deal with. ..

In general the systems of differential equation can be
solved:

1. analytically (solution in explicit form)
2. qualitatively (with the use of vector fields)
3. numerically (numerical methods, e.g., Runge-Kutta)

It is hopeless to try to solve the system of such complexity
as 1 by the first two approaches and therefore a proof that
its solutions satisfy the prerequisites of the theorem 2 seems
to us non-trivial. Till now we have managed to find €3 and
€4 estimations only experimentally.

In table 1 estimations of average relative @and average

relative €5 are presented for different game classes (with dif-
ferent number of states, agents and actions). The averages
are calculated for 100 games of each class and T' = 1000. The
initial conditions for the system of differential equations 1
were chosen quite randomly. The games are generated with
uniformly distributed payoffs. Transition probabilities were
also derived from uniform distribution. As we can see the
preconditions of the theorem 2 hold with a quite acceptable
accuracy for all the classes.

S. NASH-DE ALGORITHM

To propose an algorithm we have to make one more as-
sumption that we have managed to confirm only experimen-
tally till now, namely:

The more accurate approximation of Nash-equilibrium we
choose as an initial condition for our system 1 the more
precisely the prerequisites of the theorem 2 hold.

So now we can propose an iterative algorithm for calcu-
lating e-equilibria of discounted stochastic games with some
given accuracy € (see algorithm 1).

An example of its work on a 2-state 2-agent 2-action dis-
counted stochastic game is presented on the figure 1 (because
of the space restrictions we are illustrating convergence only
for state s1 but no state can be examined in isolation for
analysis). On each figure the probabilities assigned to the
first actions of the first and the second agents are presented
as zy-plot (it is quite descriptive since the probabilities of
the second actions are equal to one minus probabilities of
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Algorithm 1 Nash-DE algorithm for the player k

Input: accuracy €, T'

for all s € S, k € K and h € A* do
25(0) — 1/] %]

end for

while z(0) doesn’t constitute e-equilibrium do
Find solution of the system 1 through the point z(0) on
the interval [0, T (updating model in parallel)
Let the initial point be z%,(0) = % [ 2%, (t)dt

end while

the first ones). The solutions are lighter at the end of [0, T
interval. The precise Nash-equilibrium is designated by a
star and the average + fOT z¥, (t)dt for each iteration — by a
cross. Since the agents in reinforcement learning don’t know
either transition probabilities or reward functions and they
learn them online the first policies are quite random. The al-
gorithm converges in self-play to Nash-equilibrium with the
given relative accuracy € = 1% in two iterations.

6. EXPERIMENTAL RESULTS

Since the agents in reinforcement learning don’t know ei-
ther transition probabilities or reward functions they have to
approximate the model somehow. We tested our algorithm
as an off-policy version (the agents pursue the best learned
policy so far in the most of cases (we chose — 90% of cases)
and explore the environment in 10% of cases). The results
of the experiments are presented in table 1. The number of
independent transitions to be learned can be calculated by
the formula Tr = N(N — 1)[[7_, m" and is presented in
the corresponding column for each game class. In column
“Iterations” the average number of iterations necessary to
find Nash-equilibrium with relative accuracy ¢ = 1% is pre-
sented. And in the last column — the percentage of games
for which we managed to find Nash-equilibrium with the
given relative accuracy € = 1% after 500 iterations.

In general one can see the following trend: the larger is
the model the more iterations the agents require to find a
1%-equilibrium, and the oftener they fail to come to this
equilibrium during 500 iterations.

The main reason for it is their incapability to approxi-
mate large models to the necessary accuracy (their approxi-
mations of transition probabilities are too imprecise — they
explore the environment only in 10% of cases each and the
transition probabilities of some combinations of actions re-
main very poorly estimated) and as a result they can’t find
an equilibrium or converge to it more slowly (let us not forget
that the accuracy of transition probabilities acts as a rela-
tive factor and comes to € estimation of theorem 2 multiplied
by the maximal discounted value). In order to decrease the
average number of iterations and to increase the percentage
of solved games it appears promising to test a version of
the algorithm with a more intensive exploration stage (first
learn the model to some given precision and only then act
according to the policy found by the algorthm and keep on
learning in parallel). For instance, it can be achieved by
setting e to larger values at the beginning.

7. CONCLUSION

This paper is devoted to an actual topic of extending re-
inforcement learning approach for multiagent systems. An
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Table 1: Estimations and Results of Experiments

States Agents Actions Tr sk € Iterations %
2 2 2 8 0.08% 0.24% 11.23 98%
2 2 3 18 0.20% 0.36% 9.43 95%
2 2 5 50 0.16% 0.25% 18.60 90%
2 2 10 200 0.48% 0.73% 38.39 94%
2 3 2 16 0.18% 0.85% 16.03 87%
2 3 3 54 0.68% 1.74% 30.64 91%
2 5 2 64 1.80% 4.36% 27.79 87%
5 2 2 80 0.00% 0.04% 31.60 83%
5 2 3 180 0.14% 0.22% 52.26 93%
5 2 5 500 0.10% 0.14% 62.74 91%
5 3 3 540 0.35% 1.58% 85.83 5%
10 2 2 360 0.02% 0.06% 69.68 82%

01 0z 0z 04 0s 0 07

(a) Iteration 1 State 1

01 0.z 03 0.4 05 0E 07

(b) Iteration 2 State 1

Figure 1: Convergence of Algorithm 1
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algorithm based on system of differential equations of special
type is developed. A formal proof of its convergence with a
given accuracy to Nash equilibrium for environments repre-
sented as general-sum discounted stochastic games is given
under some assumptions. We claim that it is the first al-
gorithm that converges to Nash equilibrium in general case.
Thorough testing showed that the assumptions necessary
for the formal convergence hold with quite a good accuracy
that allowed the proposed algorithm to find Nash equilib-
rium with relative accuracy of 1% in approximately 90% of
randomly generated games.
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