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ABSTRACT

We consider multi-item exchange markets in which agents want to
receive one of their target bundles of resources. The model encom-
passes well-studied markets for kidney exchange, lung exchange,
and multi-organ exchange. We identify a general and sufficient
condition called weak consistency for the exchange mechanisms
to be strategyproof even if we impose any kind of distributional,
diversity, or exchange cycle constraints. Within the class of weakly
consistent and strategyproof mechanisms, we highlight two im-
portant ones that satisfy constrained Pareto optimality and strong
individual rationality. Several results in the literature follow from
our insights. We also derive impossibility results when constrained
Pareto optimality is defined with respect to more permissive indi-
vidual rationality requirements.
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1 INTRODUCTION

Clearing complex exchange markets are one of the successful ap-
plications of algorithmic economics and multi-agent systems (see
e.g., [5]). Key domains for which algorithms have been designed
include housing markets and kidney exchange markets. In recent
years, market designers are turning their attention to liver and lung
exchange markets. There are proposals to explore the efficiency
gains via multi-organ exchange markets (see e.g., [3]). Apart from
exchanging organs or housing, several new digital platforms have
come up that facilitate bartering of goods. Exchange markets are
also useful to model time-bank scenarios in which people exchange
services rather than items.

In most of the organ exchange markets, it is supposed that agents
have single-minded dichotomous preferences over outcomes: they
are either satisfied with an allocation or they are not. We consider
a general model of item or organ exchange that captures all such
organ markets. Each agent is endowed with a set of items and each
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agent has a set of target sets of items. An agent is satisfied if she
gets any one of those target sets of items.

Our primary contribution is formalizing a general property of
mechanisms called weak consistency and proving that any mecha-
nism satisfying weak consistency is strategyproof (SP). Within the
class of weakly consistent mechanisms, we highlight two subclasses
of mechanisms which have proved useful in restricted domains.
The first one is called constrained priority (CP) and the second one is
called constrained utilitarian priority (CUP). Both mechanisms run
a serial dictatorship type priority mechanism on the set of feasible
and individually rational allocations. We show that the mechanisms
satisfy strategyproofness and constrained Pareto optimality. We
then show how a subtle difference in imposing a different version
of individual rationality results in impossibility results even for
single-minded agents. We summarize the results in the paper [1].

2 MODEL AND CONCEPTS

An exchange marketisatuplel = (N, O, e,D) where N = {1,...,n}
be a set of n agents and O be the set of items. The vector e
(e1, ..., en) specifies the endowment e; C O of each agenti € N.
We suppose that | Jjeny ei = O ande; Nej = O foralli,j € N such

that i # j.. Each agent has a demand set D; C 22°Each element of
D; is a bundle of items that is acceptable to agent i and meets her
goal of being in the exchange market. We say that I’ = (N, O,e’,D’)
is more constrained than I = (N, O, e, D) is elf Cejforalli € Nand
d] 2 d; foralli € N. We will write I’ < I'if I is more constrained
than I. Just like the endowment, any allocation x = (x1,...,x,)
specifies the allocated bundle x; € O of each agent i € N. In any
allocation x, x; N xj = @ for all i, j € N such that i # j. Where the
context is clear, we refer to the allocation bundle x; as the allocation
of agent i. We say that allocation x satisfies agent i if x; 2 d for
some d € D;. Our model captures any kind of exchange market in
which agents are interested in getting one of the acceptable bundles.

For any two allocations x;, y; € O, one can define the preference
relation 7=; of agent i where x; 7; y; if and only if y; satisfies i
implies that x; satisfies i. The weak preference relation gives rise
to the indifference relation ~; which holds if x; 2Z; y; and y; 75; x;.
It also gives rise to the strict part >; of the relation where x; >; y;
ifx; 7Z; yi and x; 1 yi.

An allocation x is strongly individually rational (S-IR) if x; 2 e;
or x; 2 d for some d € D;. Informally, if an agent’s goal is not
met, she is not interested in using up any of her endowed resources.
This is a standard assumption is settings such as kidney exchange.
Enforcing the S-IR requirement can also be viewed as a special type
of feasibility constraint.
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Our model can also model altruistic donors who are happy with
any allocation. We are interested in maximizing the number of
satisfied agents. We say that an allocation x is constrained Pareto
optimal within the set of allocations satisfying set 7 of properties if
there exists no allocation y satisfying 7 such that y; 2Z; x; for all
i € Nandy; >; x; for some i € N.

Mechanisms. A mechanism M is a function that maps each prob-
lem instance I = (N, O, e, D) into an allocation. We say that a
mechanism is S-IR if it returns an S-IR allocation for each instance.

Let p(I) denote the set of allocations that are feasible with respect
to some feasibility constraints denoted by p. Depending on what
the feasibility constraints p capture, the term p(I) could denote
the set of allocations based on pairwise exchanges or exchanges
cycles of size at most 3, or satisfying some distribution or diversity
constraint. In principle, p could also capture the S-IR requirement.
Whatever feasibility conditions we assume on the model, we will
assume that they allow the endowment allocation to be a feasible
allocation.

Since we are interested in mechanisms that satisfy any given
feasibility constraints represented by p, we can view a mechanism
as a function that maps the set of p-feasible allocations to some
p-feasible allocation. Without loss of generality, we can think of
mechanisms as choice functions that choose one of the ‘best’ allo-
cations from the set of feasible allocations. More generally, we will
refer to M(I,Y) as forcing M to return an allocation from the set of
allocations Y C p(I).

3 RESULTS

We first define weak consistency. Recall that in our setting, for any
agent i with demand set D;, and for any two allocations x; and y;,
it is the case that x; ~; y; if both x; and y; satisfy i with respect to
D; or neither satisfy her. Consider p(I) a set of feasible allocations
defined with respect to some feasibility constraints p. A mechanism
M is weakly consistent if for all I = (N, O, e, D), for any I’ < I, for
any Y, Y’ such that Y/ C Y C p(I), and x = M(I,Y), if there exists
some feasible allocation y € Y’ C Y under instance I’ such that
xi ~j y;j for alli € N, then M(I’,Y’) = z where z; ~; x; for all
i € N. The preference relation ~; used in the definition is with
respect to instance I. Note that weak consistency is weaker than
the consistency condition considered by Hatfield [4].

THEOREM 3.1. Any weakly consistent and S-IR mechanism is SP.

Next, we focus on two natural weakly consistent mechanisms.
The mechanisms are adaptations of the idea of applying serial
dictatorship and priority over the set of all feasible outcomes (see
e.g. [2]). The mechanisms are parametrized with respect to p (a set
of feasibility constraints) and = which is a priority ordering over
the agent set in which the agent in j-th turn is denoted by 7 (j).
Both rules are based on lexicographic comparisons.

For any permutation 7 of N, the CP mechanism is defined as
follows. CP(I, p, m) = argmax, ¢, (uy(1) (%), - - ., Uy (n)(x)). For
any permutation 7 of N, the CUP mechanism is defined as follows.

CUP(, p, ) = arg maxxep(l)(ZieN Ui (x), U (1) (%)s -+ o5 U () (X))

CP starts from the set of feasible allocations and then refines this
set by using a priority ordering over the agents. CUP starts from
the set of feasible allocations satisfying the maximum number of

2129

AAMAS 2020, May 9-13, Auckland, New Zealand

agents and then refines this set by using a priority ordering over
the agents. Both CP and CUP are flexible enough to enforce or not
enforce S-IR as part of the feasibility constraints.
The following remark points out that CUP is a general mecha-
nism that has been used in restricted domains when S-IR is enforced.
Next, it is shown that CUP and CP are weakly consistent.

LEMMA 3.2. CUP and CP are weakly consistent.

THEOREM 3.3. For any feasibility restriction p on the set of S-IR
allocations, CUP is SP.

THEOREM 3.4. For any feasibility restriction p on the set of S-IR
allocations, CP is SP.

If we include S-IR in the set of feasibility requirements p, then
both CP and CUP return an allocation that is Pareto optimal alloca-
tion within the set of allocations satisfying S-IR and p.

We can rephrase our result in the form of the following theorem.

THEOREM 3.5. Under dichotomous preferences, for any restriction
on allocations p, there exists a SP mechanism that returns an alloca-
tion that satisfies constrained Pareto optimality among the set of all
allocations that satisfy p and S-IR.

Since imposing S-IR is similar to imposing IR when agents have
trichotomous preferences, we can rephrase the theorem above as
follows.

THEOREM 3.6. Under trichotomous preferences where each agent
only has her own endowment as the second preferred outcome, for any
restriction on allocations p, there exists a strategyproof mechanism
that returns an allocation that satisfies constrained Pareto optimality
among the set of all allocations that satisfy p and IR.

In the previous part, we limited our attention to allocations that
satisfy S-IR (strong individual rationality). We now explore the
consequence of dropping the S-IR requirement. An allocation x is
individually rational (IR) if e; 2 d for some d € D; implies that
x; 2 d’ for some d’ € D;.

Whereas IR is a less stringent requirement than S-IR, constrained
Pareto optimality with respect to allocations satisfying IR is a
stronger property than constrained Pareto optimality with respect
to allocations satisfying S-IR. In fact, the property is stronger enough
that our central results in the previous sections collapse.

We say that an allocation is a result of pairwise exchanges if it
is a result of pairs of agents make one-for-one exchange for items
and with each item changing ownership at most once. Considering
the exchange cycles view of allocations as mentioned in Section 3,
an allocation as a result of pairwise exchange is characterized by
exchange cycles in which each cycle has at most two agents in it.

THEOREM 3.7. Consider p as the restriction of allowing allocations
that are a result of pairwise item exchanges in which agents get
desirable items. For |[N| > 3, there exists no SP mechanism that
returns an allocation that is constrained Pareto optimal among the
set of all allocations that satisfy p.
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