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ABSTRACT
Inquiry into the price of anarchy (POA) for auctions is almost

confined within the risk-neutral setting. Nonetheless, empirical

and experimental studies suggest that real-world agents are more

or less risk-averse rather than strictly risk-neutral. In this paper,

we study the POA of first-price single-item auctions (FPA) with

risk-averse bidders. For completeness, we consider both risk-averse

and risk-neutral sellers. In the former, we establish that the POA is

1/2 for both the symmetric FPA and FPA in general. In the latter, we

show that the POA can be arbitrarily bad for the symmetric FPA and

characterise the conditions for the POA to be constant. In response

to a fairness issue in the case of risk-neutral sellers, we propose

the notion of suboptimal social welfare. We subsequently derive

POA bounds with respect to this new notion where the bounds are

parameterised by two variables that capture the value range of the

utility function.
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1 INTRODUCTION
Practical and theoretical studies of auctions mostly assume risk-
neutral agents who are indifferent to risk. Accordingly, their utility

functions are quasi-linear, that is a bidder’s utility is the difference

between her valuation of the allocated item and her payment [10].

However, it has long been noticed that in reality agents often exhibit

risk-averse behaviour, with a tendency to prefer a certain payment to

an uncertain higher payment [2, 13, 20]. In the standard formulation

of risk-averse agents, their utility functions are concave rather than
quasi-linear. Risk aversion poses tremendous difficulties in the

design and analysis of auctions. It remains a mystery how to make

the best out of real-world risk attitudes and the risk of ignoring them.

We aim to bring some clarity by exploring the price of anarchy (POA)
for first-price single-item auctions (FPA) with risk-averse bidders.

The POA measures the inefficiency of an economic system due

to the lack of coordination between self-interested participants

[9]. In auctions, the POA is defined as the ratio between the social

welfare in the worst equilibrium and the optimal social welfare.

Following [18], we take optimal social welfare as the denominator
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when calculating the ratio. Hence the more inefficient an auction

format is, the closer its POA is to zero. The ongoing inquiry into

the POA for the risk-neutral setting have established POA bounds

for many important auction formats as well as general frameworks

for proving such bounds [7, 18, 19].

The derivation of POA does not necessarily involve the exact

form of the equilibrium. Essentially, we can obtain an approxi-

mation guarantee for the equilibrium performance of an auction

without knowing the equilibrium at all. The derivation effort is

therefore especially beneficial for auctions with no known equi-

librium or with an equilibrium that cannot be expressed explicitly.

This is precisely the case for auctions in the risk-averse setting

where little is known even for the most simple auction formats.

For example, the equilibrium bidding strategy for a FPA is the solu-

tion to a differential equation that has no explicit expression [14].

Despite the apparent benefits, there has been almost no attempt

to establish POA bounds for the risk-averse setting. We plan to

fill this void by investigating the POA of FPA. While most inves-

tigations of risk aversion focus on the bidders, the sellers are by

no means always neutral to risk. We try to exhaust all possible

scenarios, considering both risk-averse and risk-neutral sellers in

our investigation.

With a quasi-linear utility function, when calculating social wel-

fare (i.e., the total utility of the bidders and the seller), the payment

from the winning bidder to the seller results in a utility loss for the

bidder that equals the utility gain for the seller. This means social

welfare is simply the winning bidder’s valuation (of the auctioned

item). The efficiency of an auction, therefore, relies solely on how

the auctioned item is allocated. An auction achieves optimal social

welfare if it always allocates the item to the highest valued bidder.

This is no longer the case in the risk-averse setting. The utility

gain and loss, due to the payment transfer, cannot cancel out each

other. Thus the amount of payment also matters, only a specific

one gives rise to optimal social welfare. Our first technical result is

a concrete expression of optimal social welfare in the risk-averse

setting as a function of the bidders’ valuations for both the cases

of risk-averse and risk-neutral sellers. The function specifies the

amount of payment for optimality. It also makes clear that optimal

allocation coincides with that of the risk-neutral setting.

Although simple to ascertain, the result reveals the distinct fea-

ture of auctions in the risk-averse setting that both the allocation

and payment play a part in achieving optimal social welfare. When

the seller is risk-neutral, the optimality gives rise to an unsettling

issue, though. The optimal payment can be negative or larger than

the winning bidder’s valuation which causes negative utility for

the seller and respectively for the bidder. Thus either the bidder or

the seller may suffer a loss for overall optimality. In response to the

fairness issue, we propose the notion of suboptimal social welfare
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which is the maximum achievable social welfare conditional on

everyone having a non-negative utility.

Since we can view risk neutrality as a special case of risk aver-

sion for which the extent of risk aversion is zero,
1
we are expecting

worse POA for the risk-averse setting than the risk-neutral one. In

the former, we have a larger pool of utility functions to pick the

worst one. Firstly, with risk-averse bidders and sellers, we establish

the POA of 1/2 for symmetric FPA and FPA in general. Secondly,

with risk-averse bidders and risk-neutral sellers, we show that the

POA is zero even for the symmetric case. Subsequently, we look

into the POA with respect to suboptimal social welfare. Unfortu-

nately, without proper restriction, the POA is still arbitrary close

to zero. We provide sufficient conditions for it to be constant in

both the symmetric and the general setting. From the sufficient

conditions we articulate lower bounds which are parameterised by

two variables that capture the range of utility functions.

Our main strategy in establishing the POA and lower bound of it

is to partition the space of joint valuation distributions and Bayesian
Nash Equilibriums (BNEs) by the expected value of the winning

bid. More specifically, we partition it into two subspaces one of

which contains the valuation distributions and BNEs that induce an

expected winning bid that is greater than one-half of the expected

maximum valuation and another that contains the rest (i.e., induces

an expected winning bid that is less than one-half of the expected

maximum valuation). For the former subspace, a POA bound can

be established from the winning bid alone. For the latter subspace,

we adapt a common deviation strategy for proving POA bounds

in the risk-neutral setting. The expected value of the winning bid

induced in this subspace makes the adaptation possible.

2 PRELIMINARY
In this paper, we denote a vector as a boldface letter such as v, b
and a scalar as a lowercase letter possibly with subscripts such

as 𝑣𝑖 , 𝑏𝑖 . Given a vector b, 𝑏𝑖 represents the 𝑖th component, b−𝑖
the remaining components, and (𝑏 ′

𝑖
, b−𝑖 ) the vector where the 𝑖th

component is 𝑏 ′
𝑖
and the remaining components are b−𝑖 .

We adopt the standard independent private value model of an

auction. There is a single and indivisible item to be auctioned by

a seller to 𝑛 bidders. Each bidder 𝑖 has a private value 𝑣𝑖 over the

item which is drawn independently from a distribution 𝐹𝑖 . The

distributions 𝐹1, . . . , 𝐹𝑛 are common knowledge among the bidders.

We assume the distributions have a bounded support. A valuation

profile is a vector of 𝑛 private values denoted as v = (𝑣1, . . . , 𝑣𝑛)
where 𝑣𝑖 is the 𝑖th bidder’s value.

Of the many ways to formulate risk-averse agents, we adopt

the most common and least controversial one, that is each risk-

averse agent has an identical and twice differentiable utility func-

tion 𝑢 : R → R over wealth that satisfies 𝑢 (0) = 0, 𝑢 ′(𝑥) > 0

and 𝑢 ′′(𝑥) < 0 for all 𝑥 ∈ R. In what follows we abbreviate the

last two properties as 𝑢 ′ > 0 and 𝑢 ′′ < 0. Implicitly in this for-

mulation is the assumption that the agents have an equivalent

monetary value for the auctioned item. So if a winning bidder

has a valuation of 𝑣 and makes a payment of 𝑏 to the seller, then

her utility is 𝑢 (𝑣 − 𝑏). The extent of risk aversion is determined

1
Strictly speaking, our formulation of risk aversion does not permit risk neutrality.

But it can be arbitrarily close to the risk-neutral setting.

by the concavity of the utility function 𝑢. Common measures in-

clude the Arrow-Pratt coefficient of absolute risk aversion defined

as 𝐴(𝑥) = −𝑢 ′′(𝑥)/𝑢 ′(𝑥) and the coefficient of relative risk aver-

sion defined as 𝑅(𝑥) = −𝑥 · 𝑢 ′′(𝑥)/𝑢 ′(𝑥). These measures may be

constant, increasing or decreasing with respect to wealth. For ex-

ample, a utility function is decreasing absolute risk-averse if 𝐴(𝑥)
decreases as 𝑥 increases. From here forward, all risk-averse agents

have 𝑢 (·) as their utility function and all bidders are risk-averse.

A bidding profile is a vector of 𝑛 bids denoted as b = (𝑏1, . . . , 𝑏𝑛).
We let 𝑢𝑖 (b; 𝑣𝑖 ) denotes bidder 𝑖’s utility when her value is 𝑣𝑖 and

the bidding profile is b. A strategy profile s = (𝑠1, . . . , 𝑠𝑛) is a vector
of functions where each function 𝑠𝑖 maps a bidder’s valuation to

her bid. We use s(v) to denote the bidding profile resulting from

the valuation profile v. A strategy profile is a BNE if and only if

reporting 𝑠𝑖 (𝑣𝑖 ) maximizes 𝑖’s expected utility for all 𝑖 , that is

Ev−𝑖 [𝑢𝑖 (s(v); 𝑣𝑖 )] ≥ Ev−𝑖 [𝑢𝑖 (𝑏 ′𝑖 , s−𝑖 (v); 𝑣𝑖 )] .

for every bidder 𝑖 , every possible valuation 𝑣𝑖 , and every possible

deviating bid 𝑏 ′
𝑖
.

The social welfare of an auction is the sum of the bidders’ and

the seller’s utility resulted in the auction. Given the format of the

auction, social welfare is determined by the bidding and the valua-

tion profile. In a FPA, the social welfare with respect to a bidding

profile b and a valuation profile v, denoted as 𝑆𝑊 (b; v), is such that

𝑆𝑊 (b; v) = 𝑢 (𝑣 − 𝑏) + 𝑏

when the seller is risk neutral, and

𝑆𝑊 (b; v) = 𝑢 (𝑣 − 𝑏) + 𝑢 (𝑏)

when the seller is risk-averse, where 𝑣 is the valuation of the win-

ning bidder and 𝑏 her bid (i.e., 𝑏 = max(b)). The optimal social

welfare with respect to a valuation profile v, denoted as 𝑂𝑃𝑇 (v), is
the maximum achievable social welfare when the valuation profile

is v.

3 OPTIMAL AND SUBOPTIMAL SOCIAL
WELFARE

In this section, we derive a concrete expression of the optimal social

welfare respectively for when bidders and sellers are risk-averse,

and for when bidders are risk-averse and sellers are risk-neutral.

We also introduce a notion of suboptimal social welfare that arises

naturally when sellers are risk-neutral.

With a quasi-linear utility function, the payment deducted from

the winning bidder’s utility is compensated by the gain in the

seller’s utility, hence social welfare is simply the winning bidder’s

private value and the optimal one the highest private value pos-

sessed by the bidders. Consequently, optimal social welfare is solely

determined by the allocation of the auctioned item. This is no longer

true in the risk-averse setting in which the concavity of the util-

ity function dictates that the amount of payment also plays a role.

We refer to the allocation and payment that lead to optimal social

welfare as optimal allocation and optimal payment respectively.
Starting with risk-averse bidders and risk-neutral sellers, an

auction achieves optimal social welfare by allocating the auctioned

item to the bidder with the highest valuation 𝑣 and letting her pay

𝑏 to the seller such that 𝑢 ′(𝑣 − 𝑏) = 1.
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Lemma 1. In a FPA with risk-averse bidders and a risk-neutral
seller,

𝑂𝑃𝑇 (v) = 𝑢 (max(v) − 𝑏) + 𝑏
where 𝑢 ′(max(v) − 𝑏) = 1.

Proof. In a FPA, the social welfare is 𝑢 (𝑣 −𝑏) +𝑏 where 𝑣 and 𝑏

are respectively the valuation and bid of the winning bidder. Since

𝜕 [𝑢 (𝑣−𝑏)+𝑏 ]
𝜕𝑣 = 𝑢 ′(𝑣 − 𝑏) and 𝑢 ′(𝑥) > 0 for all 𝑥 ∈ R, 𝑢 (𝑣 − 𝑏) + 𝑏

is an increasing function of 𝑣 . Since
𝜕 [𝑢 (𝑣−𝑏)+𝑏 ]

𝜕𝑏
= 1 − 𝑢 ′(𝑣 − 𝑏),

𝜕2 [𝑢 (𝑣−𝑏)+𝑏 ]
𝜕𝑏2

= 𝑢 ′′(𝑣−𝑏) and𝑢 ′′(𝑥) < 0 for all 𝑥 ∈ R,𝑢 (𝑣−𝑏) +𝑏 is

a strictly concave function of 𝑏. The concavity implies that, given a

𝑣 ,𝑢 (𝑣−𝑏)+𝑏 is at its global maximumwhen 1−𝑢 ′(𝑣−𝑏) = 0. Hence,

given a valuation profile v, the optimal social welfare is achieved

by allocating the auctioned item to the bidder with the highest

valuation and charging the bidder 𝑏 where 𝑢 ′(max(v) − 𝑏) = 1.

□

By the above lemma, no matter what max(v) is, the optimal pay-

ment 𝑏 always adjusts the winning bidder’s wealth max(v) − 𝑏 to

an amount at which the marginal utility is 1. For the remaining of

this paper, we reserve the letter 𝑥 to denote this amount. That is, we

write 𝑂𝑃𝑇 (v) as 𝑢 (𝑥) +max(v) − 𝑥 where 𝑢 ′(𝑥) = 1. In this form,

the optimal payment is max(v) − 𝑥 . Clearly, it may be negative

(i.e., 𝑥 > max(v)) or greater than the highest valuation (i.e., 𝑥 < 0)

which results in negative utility respectively for the seller and the

winning bidder. For the sake of fairness, neither case is desirable.

Moreover, since in a BNE, the winning bid is always between 0

and the winning bidder’s valuation, for some utility functions (e.g.,

those with 𝑥 < 0) none of the valuation distributions and BNEs

will result in an optimal social welfare. Thus the optimal social

welfare obtained in Lemma 1 is not a realistic goal to be aiming

at. These motivate the notion of suboptimal social welfare, which
we define as the highest achievable social welfare while guarantee-

ing non-negative utility for all agents. Formally this is the highest

achievable social welfare with a payment in-between zero and the

highest valuation, that is

𝑆𝑂𝑃𝑇 (v) =


𝑢 (max(v)) if 𝑥 ≥ max(v)
𝑢 (𝑥) +max(v) − 𝑥 if 0 < 𝑥 < max(v)
max(v) if 𝑥 ≤ 0

The rationale for 𝑆𝑂𝑃𝑇 (v) is as follows: if 0 < 𝑥 < max(v), then
the optimal payment already guarantees non-negative utility, thus

𝑆𝑂𝑃𝑇 (v) = 𝑂𝑃𝑇 (v), and if 𝑥 ≥ max(v) (𝑥 ≤ 0); then the optimal

payment is less than 0 (resp. greater than max(v)), thus setting the

payment to 0 (resp. max(v)) achieves the highest social welfare

with non-negative utility.

Moving on to risk-averse bidders and sellers, we achieve optimal

social welfare by allocating the item to the bidder with the highest

valuation 𝑣 and letting her pay 𝑣/2 to the seller. In other words, we

achieve optimal social welfare when every bidder bids half of her

value.

Lemma 2. In a FPA with risk-averse bidders and a risk-averse seller,

𝑂𝑃𝑇 (v) = 2 · 𝑢 (max(v)/2) .

Proof. The social welfare is 𝑢 (𝑣 − 𝑏) + 𝑢 (𝑏) where 𝑣 and 𝑏

are respectively the valuation and bid of the winning bidder. Since

𝜕 [𝑢 (𝑣−𝑏)+𝑢 (𝑏) ]
𝜕𝑣 = 𝑢 ′(𝑣−𝑏) and𝑢 ′(𝑥) > 0 for all𝑥 ∈ R,𝑢 (𝑣−𝑏)+𝑢 (𝑏)

is an increasing function of 𝑣 . Since
𝜕 [𝑢 (𝑣−𝑏)+𝑢 (𝑏) ]

𝜕𝑏
= 𝑢 ′(𝑏) −𝑢 ′(𝑣−

𝑏), 𝜕
2 [𝑢 (𝑣−𝑏)+𝑢 (𝑏) ]

𝜕𝑏2
= 𝑢 ′′(𝑏)+𝑢 ′′(𝑣−𝑏), and𝑢 ′′(𝑥) < 0 for all 𝑥 ∈ R,

𝑢 (𝑣 − 𝑏) + 𝑢 (𝑏) is a strictly concave function of 𝑏. The concavity

implies, for any 𝑣 , 𝑢 (𝑣 − 𝑏) + 𝑢 (𝑏) is at its global maximum when

𝑢 ′(𝑏) − 𝑢 ′(𝑣 − 𝑏) = 0, that is 𝑏 = 𝑣/2. Hence, given a valuation

profile v, the optimal social welfare is achieved by allocating the

auctioned item to the bidder with the highest valuation and charges

the bidder max(v)/2.
□

Noticeably, the optimal payment in the above lemma is independent

of the exact form of the utility function. This contributes to better

POA bounds with risk-averse sellers than with risk-neutral ones.

One a side note this particular form of optimal social welfare also

enforces an absolutely fair share of the overall utility between the

wining bidder and the seller, as both parties end up with identical

utility.

In the next two sections, we investigate how inefficient FPA is

with risk-averse bidders. The inefficiency is measured by the extent

to which the POA of the auction format is close to zero:

𝑃𝑂𝐴 = inf

F,s,𝑛,𝑢
Ev [𝑆𝑊 (s(v); v)]
Ev [𝑂𝑃𝑇 (v)]

.

That is, POA is the minimum ratio of the expected social welfare

and the optimal one ranging over all joint valuation distributions

F , all BNE s, all choice 𝑛 for the number of bidders and all forms

of the utility function 𝑢 (·) satisfying 𝑢 (0) = 0, 𝑢 ′ > 0 and 𝑢 ′′ < 0.

When Ev [𝑆𝑊 (s(v); v)]/Ev [𝑂𝑃𝑇 (v)] evaluates to 0/0, we define it
to be 1.

4 RISK-AVERSE SELLERS
In this section, we establish the POA of FPAwith risk-averse bidders

and sellers. As we will see, compared with the case of risk-averse

bidders and risk-neutral sellers, the alignment of the seller’s risk

attitude with the bidders’ lead to better POA bounds.

We start with the symmetric setting in which each bidder’s

valuation is drawn independently from a common distribution.

According to [14], in this setting a FPA has a unique symmetric

(pure strategy) BNE inwhich the bidding function is non-decreasing.

Therefore the winning bidder in such an auction always has the

highest valuation, just as in the outcome that achieves optimal

social welfare. Since the allocation is optimal, we can concentrate

on the inefficiency caused by non-optimal payment. We establish

that the POA for a symmetric FPA is 1/2.

Theorem 3. The price of anarchy of the symmetric first-price
single-item auction format with risk-averse bidders and sellers is 1/2.

Proof. Let the valuation and the equilibrium bid of the winning

bidder be 𝑣 and 𝑏 respectively. Then 𝑆𝑊 (s(v); v) = 𝑢 (𝑣 − 𝑏) +𝑢 (𝑏)
and 𝑂𝑃𝑇 (v) = 2 · 𝑢 (𝑣/2). Since 0 ≤ 𝑏 ≤ 𝑣 , 𝑢 (𝑣 − 𝑏) + 𝑢 (𝑏) is at its
minimumwhen 𝑏 = 𝑣 or 𝑏 = 0. In either case,𝑢 (𝑣 −𝑏) +𝑢 (𝑏) = 𝑢 (𝑣).
Thus

𝑆𝑊 (s(v); v) ≥ 𝑢 (𝑣) > 𝑢 (𝑣/2) = 1/2 ·𝑂𝑃𝑇 (v) .
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To show that the lower bound of 1/2 is also the upper bound, we
will construct an instance of symmetric FPA that achieves no more

than 1/2 of the corresponding optimal social welfare. Suppose there

is only one bidder and the density function 𝑓 of the distribution of

valuations is such that 𝑓 (𝑣) = 1 for some 𝑣 > 0. Thus in the BNE the

bidder bids 0 and wins the auctioned item. This auction outcome

results in the social welfare of 𝑢 (𝑣). Since 𝑢 ′′ < 0 and 𝑢 ′′(𝑥) can
be arbitrarily small for 𝑣/2 < 𝑥 < 𝑣 , 𝑢 (𝑣) can be arbitrarily close to

𝑢 (𝑣/2), in which case the social welfare is arbitrarily close to 1/2
of the optimal one.

□

Theorem 3 echos with the dual determining factors in achieving

optimal social welfare in the risk-averse setting. Symmetric FPA

has an optimal allocation, but its non-optimal payment can take

away as much as half of the achievable social welfare.

In the proof of the theorem, we establish the 1/2 upper bound
through the single bidder scenario. Another way is to consider

an infinite number of bidders. Due to the unlimited competition,

the BNE strategy is for each bidder to bid their true valuation

which results in the social welfare of 𝑢 (max(v)) and the ratio of

1/2. Perhaps it is worth mentioning that, when the number of

bidders is more than one but finite, the ratio is strictly greater

than 1/2. In these cases, the BNE strategy is to bid between 0 and

their valuations which achieves the social welfare of 𝑢 (ℎ) + 𝑢 (𝑙)
for max(v)/2 ≤ ℎ < max(v) and 0 < 𝑙 ≤ max(v)/2. While 𝑢 (ℎ)
can be arbitrary close to 𝑢 (max(v)/2), 𝑢 (𝑙) is strictly greater than

0, thus the ratio is at least 1/2 + 𝑢 (𝑙)/𝑢 (max(v)/2). In other words,

for cases that matter, the efficiency of symmetric FPA is better than

what the POA suggests.

Moving on to the general setting in which bidders’ valuations

are drawn independently from possibly different distributions, we

establish that the POA is also 1/2.

Theorem 4. The price of anarchy of the first-price single-item
auction format with risk-averse bidders and sellers is 1/2.

Proof. Any pair of joint valuation distribution F and BNE s (for
the distribution) induces a fixed expectedwinning bidEv [max(s(v))]
and a fixed expected maximum valuation Ev [max(v)]. Thus we can
partition the space of valuation distribution and BNE pairs into a

subspace in which the induced expected winning bid and expected

maximum valuation are such that Ev [max(s(v))] > Ev [max(v)/2]
and another subspace in which the induced expected values are

such that Ev [max(s(v))] ≤ Ev [max(v)/2]. For simplicity, we write

max(v) and max(s(v)) as 𝑣 and 𝑏 respectively.

For the former subspace, since Ev [𝑏] > Ev [𝑣/2] we have

Ev [𝑆𝑊 (s(v); v)] = Ev [𝑢 (𝑣 ′ − 𝑏) + 𝑢 (𝑏)]
≥ Ev [𝑢 (𝑏)]
> Ev [𝑢 (𝑣/2)]

where 𝑣 ′ is the expected valuation of the winning bidder. The equal-

ity follows from the definition of social welfare in a FPA, where

𝑢 (𝑣 ′ − 𝑏) is the winning bidder’s utility and 𝑢 (𝑏) the seller’s. The
first inequality follows from the fact that a bidder cannot have

negative utility in a BNE, that is Ev [𝑢 (𝑣 ′ − 𝑏)] ≥ 0. Since the ex-

pected optimal social welfare is Ev [2 · 𝑢 (𝑣/2)], a lower bound for

the POA for this subspace of valuation distributions and BNEs is

Ev [𝑢 (𝑣/2)]/Ev [2 · 𝑢 (𝑣/2)] = 1/2.
For the latter subspace in which Ev [𝑏] ≤ Ev [𝑣/2], we adapt

the traditional deviation strategy for proving POA bounds to the

risk-averse setting. Let 𝑥∗
𝑖
(v) be the indicator variable for whether

or not bidder 𝑖 is the one with the highest valuation.

Let s be a BNE in the subspace. Suppose bidder 𝑖 bids half of

her value instead of 𝑠𝑖 (𝑣𝑖 ). If she wins, her utility is 𝑢 (𝑣𝑖 − 𝑣𝑖/2) =
𝑢 (𝑣𝑖/2) ≥ 𝑢 (𝑣𝑖/2 − 𝑏). If she loses, it must be that 𝑣𝑖/2 < 𝑏 and she

obtains utility 0 ≥ 𝑢 (𝑣𝑖/2 − 𝑏). Thus in either case

𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 ) ≥ 𝑢 (𝑣𝑖/2 − 𝑏)
which implies

𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 ) ≥ 𝑢 (𝑣𝑖/2 − 𝑏) · 𝑥∗𝑖 (v) .
Summing the inequality over all bidders, we have

𝑛∑︁
𝑖=1

𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 ) ≥ 𝑢 (𝑣/2 − 𝑏) . (1)

Since s is a BNE,

Ev−𝑖 [𝑢𝑖 (s(v); 𝑣𝑖 )] ≥ Ev−𝑖 [𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 )] .
Taking expectation over 𝑣𝑖 and summing up the 𝑛 inequalities of

the above form, we have

𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (s(v); 𝑣𝑖 )] ≥
𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 )] .

Therefore

Ev [𝑆𝑊 (s(v); v)] =
𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (s(v); 𝑣𝑖 )] + Ev [𝑢 (𝑏)]

≥
𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 )] + Ev [𝑢 (𝑏)] .

Combining with inequality (1), the above inequality implies

𝐸v [𝑆𝑊 (s(v); v)] ≥ Ev [𝑢 (𝑣/2 − 𝑏) + 𝑢 (𝑏)]
= 𝑢 (Ev [𝑣/2 − 𝑏]) + 𝑢 (Ev [𝑏])
= 𝑢 (Ev [𝑣/2] − Ev [𝑏]) + 𝑢 (Ev [𝑏]) .

Since Ev [𝑏] ≤ Ev [𝑣/2], 𝑢 (Ev [𝑣/2] − Ev [𝑏]) + 𝑢 (Ev [𝑏]) is at its
minimum when Ev [𝑏] = 0 or Ev [𝑏] = 𝑣/2. Since, in either case

𝑢 (Ev [𝑣/2]−Ev [𝑏])+𝑢 (Ev [𝑏]) = Ev [𝑢 (𝑣/2)], we have𝑢 (Ev [𝑣/2]−
Ev [𝑏]) + 𝑢 (Ev [𝑏]) ≥ Ev [𝑢 (𝑣/2)] which implies

Ev [𝑆𝑊 (s(v); v)] ≥ Ev [𝑢 (𝑣/2)] = 1/2 · Ev [𝑂𝑃𝑇 (v)] .
We have established the lower bound of 1/2 for both subspaces,

thus 1/2 is a lower bound for the space of all pairs of valuation dis-

tributions and BNEs. It is an immediate consequence of Theorem 3

that 1/2 is also an upper bound.

□

It may look peculiar that the POA for symmetric FPA is the same

as that for FPA in general. Only the payment can be non-optimal

for the former whereas both the allocation and payment can be

non-optimal for the latter. While non-optimal payment alone can

take away half of the optimal social welfare, our results indicate that

it does not get any worse when the allocation is also non-optimal.
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The reason for the peculiar finding is that we defined the POA

to be the worst ratio over all possible forms of the utility function

𝑢 (·). In the symmetric setting, it is easy to see from the proof of

Theorem 3 that the POA can be expressed as

Ev (𝑢 (𝑣))/(2 · Ev (𝑢 (𝑣/2)))

where 𝑣 is the highest valuation among the bidders. The ratio is at

its minimum when the utility function is such that 𝑢 (𝑣) and 𝑢 (𝑣/2)
are arbitrarily close, which gives rise to the POA of 1/2. That is
we have a better ratio with other utility functions. In the general

setting, we established that a lower bound for the POA is

Ev (𝑢 (𝑣/2))/(2 · Ev (𝑢 (𝑣/2))) = 1/2

regardless of the form of the utility function 𝑢 (·). So if we defined

the POA with respect to a fixed utility function, the symmetric

setting would have a better POA.

The POA for FPA with risk-neutral agents is 1 − 1/𝑒2 ≈ 0.8647

[7] for which the only source of inefficiency is the non-optimal

allocation. It is clear that in the risk-averse setting where ineffi-

ciency can also be caused by non-optimal payment, FPA has lower

efficiency.

5 RISK-NEUTRAL SELLERS
In this section, we study the POA of FPA with risk-averse bidders

and risk-neutral sellers. In this setting, a key factor in determining

optimal social welfare is the value of 𝑥 where 𝑢 ′(𝑥) = 1. We first

present lower bounds of social welfare for when 𝑥 ≤ 0, 0 ≤ 𝑣 ≤ 𝑥 ,

and 0 ≤ 𝑥 ≤ 𝑣 where 𝑣 is the winning bidder’s valuation. These

bounds follow immediately from properties of 𝑢 (·).

Lemma 5. If 𝑢 ′(𝑥) = 1, then the following holds:

(1) if 𝑥 ≤ 0, then 𝑢 (𝑣 − 𝑏) + 𝑏 ≥ 𝑢 (𝑣),
(2) if 0 ≤ 𝑣 ≤ 𝑥 , then 𝑢 (𝑣 − 𝑏) + 𝑏 ≥ 𝑣 ,
(3) if 0 ≤ 𝑥 ≤ 𝑣 , then 𝑢 (𝑣 − 𝑏) + 𝑏 ≥ min(𝑣,𝑢 (𝑣))

where 𝑣 ≥ 0 and 0 ≤ 𝑏 ≤ 𝑣 .

In summary, no matter the value of 𝑥 , a lower bound of social

welfare is either 𝑣 or 𝑢 (𝑣), whichever is smaller. Also, 𝑏 denotes the

bid of the winning bidder and as all bids in a BNE are between zero

and the bidder’s value so is the value of 𝑏.

It turns out that the difference between the risk attitudes of the

bidders and sellers is a game-changer. The POA of FPA is zero

even in the symmetric setting. To see this, note that 𝑂𝑃𝑇 (v) =

𝑢 (𝑥) + (max(v) − 𝑥). Since 𝑢 (𝑥) − 𝑥 can be arbitrarily large, so is

𝑂𝑃𝑇 (v). The actual social welfare however is always finitely large.

Thus the ratio between the expected social welfare and the optimal

one can be arbitrarily close to zero.

This isn’t the only problem, because, as discussed, achieving

optimal social welfare may result in negative utility for either the

bidder or the seller, which gives rise to a fairness issue.We, therefore,

turn our attention to suboptimal social welfare and with respect to

which we derive POA bounds.

Unfortunately, the POA is still zero. For a constant one, we have

to restrict the range of utility functions. The following theorem

gives sufficient and necessary conditions of a constant POA with

respect to suboptimal social welfare for symmetric FPA.

Theorem 6. The price of anarchy of the symmetric first-price
single-item auction format with risk-averse bidders, risk-neutral sell-
ers, and sub-optimal social welfare is a constant iff

𝑣/𝛽 ≤ 𝑢 (𝑣) ≤ 𝛼 · 𝑣

for all 𝑣 > 0, some 𝛼 ≥ 1 and some 𝛽 ≥ 1 and the constant is at least
min(1/𝛼, 1/(2 · 𝛽)).

Proof. Since 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑥) − 𝑥 + max(v) when 0 < 𝑥 <

max(v), to prevent 𝑆𝑂𝑃𝑇 (v) from being infinitely large, 𝑢 (𝑥) − 𝑥

must be bounded from above, that is 𝑢 (𝑥) ≤ 𝛼 · 𝑥 for some 𝛼 > 1.

Let 𝑥 = 0 and let there be only one bidder who has a valuation

of 𝑣 > 0. Then, in any BNE s, the bidder bids 0. Thus 𝑆𝑊 (s(v), v) =
𝑢 (𝑣) and 𝑆𝑂𝑃𝑇 (v) = 𝑣 . Hence to prevent Ev [𝑢 (𝑣)]/Ev [𝑣] from
approaching 0,𝑢 (𝑣)must be bounded from below, that is𝑢 (𝑣) ≥ 𝑣/𝛽
for some 𝛽 ≥ 1.

We have shown that 𝑣/𝛽 ≤ 𝑢 (𝑣) ≤ 𝛼 · 𝑣 is necessary for a

constant POA. In the reaming of the proof, we will show that it

is also sufficient for the min(1/𝛼, 1/(2 · 𝛽)) lower bound. In the

symmetric setting, the winning bidder is the one with the highest

valuation. We let the valuation and the equilibrium bid be 𝑣 and 𝑏

respectively. We will show the ratio of the social welfare and the

suboptimal one is at leastmin(1/𝛼, 1/(2 · 𝛽)) respectively for when
𝑥 ≤ 0, 𝑥 ≥ 𝑣 and 0 < 𝑥 < 𝑣 .

Case 1, 𝑥 ≤ 0: Then 𝑆𝑂𝑃𝑇 (v) = 𝑣 and 𝑆𝑊 (s(v); v) = 𝑢 (𝑣 − 𝑏) +
𝑏 > 𝑢 (𝑣) ≥ 𝑣/𝛽 where the first inequality follows from part 1 of

Lemma 5. So the ratio for this case is at least (𝑣/𝛽)/𝑣 = 1/𝛽 .
Case 2, 𝑥 ≥ 𝑣 : Then 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑣) ≤ 𝛼 · 𝑣 and 𝑆𝑊 (s(v); v) =

𝑢 (𝑣 − 𝑏) + 𝑏 > 𝑣 − 𝑏 + 𝑏 = 𝑣 where the last inequality follows from

part 2 of Lemma 5. So the ratio for this case is at least 𝑣/(𝛼 ·𝑣) = 1/𝛼 .
Case 3, 0 < 𝑥 ≤ 𝑣 : Then either 𝑣 ≤ 𝑥 or 𝑣 > 𝑥 . If 𝑣 ≤ 𝑥 ,

then this is identical to Case 2 in which the ratio is at least 1/𝛼 .
So suppose 𝑣 > 𝑥 . Then it follows from part 3 of Lemma 5 that

𝑆𝑊 (s(v); v) = 𝑢 (𝑣 − 𝑏) + 𝑏 ≥ min(𝑣,𝑢 (𝑣)).
Let 𝑐 ∈ R be such that 𝑢 (𝑐) = 𝑐 . If 𝑣 ≤ 𝑐 , then, by the concavity

of 𝑢 (·), we have 𝑢 (𝑣) > 𝑣 which means 𝑢 (𝑣 − 𝑏) + 𝑏 ≥ 𝑣 . Since

𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑥) + 𝑣 − 𝑥 ≤ (𝛼 − 1) · 𝑥 − 𝑣 ≤ 𝛼 · 𝑣 , the ratio is at

least 𝑣/(𝛼 · 𝑣) = 1/𝛼 . If 𝑣 > 𝑐 , then we have 𝑢 (𝑣) < 𝑣 which means

𝑢 (𝑣 − 𝑏) + 𝑏 ≥ 𝑢 (𝑣) ≥ 𝑣/𝛽 . Since 𝑢 (𝑥) < 𝑢 (𝑣) < 𝑣 , 𝑆𝑂𝑃𝑇 (v) =

𝑢 (𝑥) +𝑣 −𝑥 ≤ 2 ·𝑣 . Thus the ratio is at least (𝑣/𝛽)/(2 ·𝑣) = 1/(2 · 𝛽).
□

Moving on to the general setting, we establish that if the utility

function is such that 𝑣/𝛽 ≤ 𝑢 (𝑣) ≤ 𝛼 · 𝑣 for some 𝛼 ≥ 1 and

𝛽 ≥ 1, then a FPA achieves at least min(1/(2 · 𝛼), 1/(4 · 𝛽)) of the
suboptimal social welfare.

Theorem 7. The price of anarchy (with respect to sub-optimal
social welfare) of the first-price single-item auction format with risk-
averse bidders, risk-neutral sellers is at least min(1/(2 · 𝛼), 1/(4 · 𝛽))
if 𝑣/𝛽 ≤ 𝑢 (𝑣) ≤ 𝛼 · 𝑣 for some 𝛼 ≥ 1 and 𝛽 ≥ 1.

Proof. As in the proof of Theorem 4 we write max(v) and
max(s(v)) as 𝑣 and 𝑏 respectively and partition the space of valu-

ation distribution and BNE pairs into a subspace in which the ex-

pected winning bid and expected maximum valuation are such that

Ev [max(s(v))] > Ev [max(v)/2] and another subspace in which

the expected values are such that Ev [max(s(v))] ≤ Ev [max(v)/2].
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For the former subspace, since Ev [𝑏] > Ev [𝑣/2] we have
Ev [𝑆𝑊 (s(v); v)] = Ev [𝑢 (𝑣 ′ − 𝑏) + 𝑏] ≥ Ev [𝑏] > Ev [𝑣/2]

where 𝑣 ′ is the winning bidder’s valuation. Depending on the value

of 𝑥 , 𝑆𝑂𝑃𝑇 (v) is 𝑣 , 𝑢 (𝑣), or 𝑢 (𝑥) + 𝑣 − 𝑥 and 𝑆𝑂𝑃𝑇 (v) ≤ 𝛼 · 𝑣 for
all three cases. Thus a lower bound for the POA is (𝑣/2)/(𝛼 · 𝑣) =
1/(2 · 𝛼).

For the latter subspace, by following the deviation strategy in

the proof of Theorem 4, we have

𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (s(v); 𝑣𝑖 )] ≥

𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (𝑣𝑖/2, s−𝑖 (v−𝑖 ); 𝑣𝑖 )] ≥ Ev [𝑢 (𝑣/2 − 𝑏)]

for any valuation distribution and BNE s within the subspace. The

risk neutrality of the seller does not play a part in deriving the

above inequalities. What it does is in deriving the seller’s expected

utility which is Ev [𝑏]. Therefore

Ev [𝑆𝑊 (s(v); v)] =
𝑛∑︁
𝑖=1

Ev [𝑢𝑖 (s(v); 𝑣𝑖 )] + Ev [𝑏]

≥ Ev [𝑢 (𝑣/2 − 𝑏) + 𝑏] .
It follows from Lemma 5 that 𝑢 (𝑣/2 − 𝑏) + 𝑏 ≥ min(𝑣/2, 𝑢 (𝑣/2)).

We will derive a lower bound for the ratio of social welfare and the

suboptimal one respectively for the case of 𝑥 ≤ 0, 𝑥 ≤ 𝑣 and 𝑥 ≥ 𝑣 .

Case 1, 𝑥 ≤ 0: then 𝑆𝑂𝑃𝑇 (v) = 𝑣 and 𝑣/2 > 𝑢 (𝑣/2) which means

the ratio is at least

𝑢 (𝑣/2)/𝑣 ≥ (𝑣/(2 · 𝛽))/𝑣 = 1/(2 · 𝛽) .
Case 2, 𝑥 ≥ 𝑣 : then 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑣) ≤ 𝛼 · 𝑣 and 𝑣/2 < 𝑢 (𝑣/2)

which means the ratio is at least

(𝑣/2)/(𝛼 · 𝑣) = 1/(2 · 𝛼) .
Case 3, 𝑥 ≤ 𝑣 : Let 𝑐 be such that 𝑢 (𝑐) = 𝑐 , thus 𝑐 > 𝑢 (𝑥) > 𝑥 . If

𝑣/2 ≥ 𝑐 , then 𝑣/2 ≥ 𝑢 (𝑣/2) and 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑥) + 𝑣 − 𝑥 ≤ 2 · 𝑣
which means the ratio is at least

𝑢 (𝑣/2)/(2 · 𝑣) ≥ (𝑣/(2 · 𝛽))/(2 · 𝑣) = 1/(4 · 𝛽) .
If 𝑣/2 ≤ 𝑐 < 𝑣 , then 𝑣/2 ≤ 𝑢 (𝑣/2) and 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑥)+𝑣−𝑥 ≤ 2·𝑣
which means the ratio is at least

(𝑣/2)/(2 · 𝑣) = 1/4.
If 𝑣 ≤ 𝑐 , then 𝑣/2 ≤ 𝑢 (𝑣/2) and 𝑆𝑂𝑃𝑇 (v) = 𝑢 (𝑥) + 𝑣 − 𝑥 ≤ (𝛼 − 1) ·
𝑥 − 𝑣 ≤ 𝛼 · 𝑣 which means the ratio is at least

(𝑣/2)/(𝛼 · 𝑣) = 1/(2 · 𝛼) .
Thus we conclude that the POA for the latter subspace is at least

min(1/(2 · 𝛼), 1/(4 · 𝛽)) which is also the lower bound of the POA

for the space of all valuation distribution and BNE.

□

The lower bound of min(1/(2 · 𝛼), 1/(4 · 𝛽)) is one half of the

one we derived in the symmetric setting where the only source of

inefficiency is non-optimal payment. The results suggest that non-

optimal allocation alone takes away 1/2 of the achievable social
welfare. But we cannot be certain of it as the bound may not be

tight.

6 RELATEDWORK
For auctions with risk-averse agents, the main research efforts aim

to optimise revenue rather than social welfare. [14, 15] characterised

the optimal auction formats for revenue maximisation where [15]

adopted a constant absolute risk-averse utility function and [14] a

more general one. For classic auction formats, it is shown that FPA

generally outperforms second-price auction (SPA) [3, 14, 16]. Since

the optimal auctions articulated in [14, 15] are far from practical,

many have attempted to fine-tune classic auctions to make the best

out of risk aversion. [4–6] studied the best reserve price to set for

FPA and SPA. Building on [5], [1] investigated the additional option

of charging an entry fee.

Listed as an open question in [18], the POA for auctions in the

risk-averse setting is mostly uncharted territory. The topic is better

understood in the risk-neutral setting. A major achievement is the

so-called smoothness framework [17, 19] which provides a general

and modular approach to proving POA bounds. The key idea is that

for many auctions, there exists a deviation strategy for the bidders

that achieves a certain utility that is bounded by some faction of

the optimal social welfare minus the payment. We also used the

deviation approach in our proof of Theorem 4 and 7. However,

deviation alone is in general not sufficient to derive POA bounds

in the risk-averse setting. This is largely due to the demand for a

specific amount of payment for optimality, which is beyond the

consideration of the smoothness framework.

Despite the difficulty, [8] tried to adapt the smoothness frame-

work to the risk-averse setting. Their main result is that, for an

auction in the risk-neutral setting, if a POA of 𝛼 is provable through

the smoothness framework, then the auction has a POA of at least

𝛼/2 in the risk-averse setting,
2
provided that the deviation does

not incur negative utility and the utility function is normalised.

Due to the normalisation, the result of [8] do not hold for general

concave utility functions like ours. Moreover, [8] considered only

risk-neutral sellers.

In the non-auction domain, [11, 12] established inefficiency

bounds for risk-averse selfish routing. It remains to be seen if their

approaches are transferable to auctions.

7 CONCLUSION
In this paper, we explored the POA of FPA with risk-averse bidders.

Deriving POA bounds in the risk-averse setting is intrinsically more

difficult than in the risk-neutral setting. The concavity of the utility

function and its implications on optimal social welfare are not the

only difficulties. According to our definition of POA, there lies the

task of identifying the worst of such concave functions in terms of

efficiency.

When the seller is also risk-averse, we established that the POA

is 1/2 for both the symmetric FPA and FPA in general. When the

seller is risk-neutral, we demonstrated that the POA is zero. Because

of a fairness issue with optimal social welfare in this setting, we opt

to derive POA bounds with respect to suboptimal social welfare.

It is still zero, but we are able to articulate a parameterised lower

bound with a simple expression.

2
It is 2 · 𝛼 in [8] which takes the optimal social welfare as the nominator in defining

the POA.
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Two new conceptual aspects of risk-aversion and POA arise

while obtaining the technique results. The first one is the distinction

between risk-averse and risk-neutral sellers. Our findings indicate

the seller’s risk attitude can have a significant impact of the effi-

ciency of FPA. When the risk attitude of the bidder aligns with that

of the seller, the auction has better efficiency. The second one is the

“non-optimal allocation versus non-optimal payment” problem in

determine the inefficiency of FPA. Both forms of non-optimality

contribute to the inefficiency, the question is by how much it is

attributed to one particular form.

There are several routes for further work. While aiming for

generality, we made minimum assumptions over the utility func-

tions, it holds the promise to investigate the POA with respect to

some specific risk-averse utility functions that are well-studied.

These include, for example, the constant relative risk aversion util-

ity function 𝑢 (𝑧) = 𝑧𝛼 and the constant absolute risk aversion

utility function 𝑢 (𝑧) = 1− 𝑒𝑥𝑝 (−𝛼𝑧) where 𝛼 is the measure of risk

aversion. We know more about the equilibrium with such utility

functions [10]. Furthermore we think that a clear separation of the

inefficiency caused by non-optimal allocation and non-optimal pay-

ment deserves further investigation. A rigorously way to go about

it is work out the minimum ratio between the expected valuation

of the winning bidder and the expected highest valuation. This

will give us the exact amount of inefficecny caused by non-optimal

allocation.
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