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ABSTRACT

The house allocation problem asks for m houses to be allocated
among N agents so that every agent receives exactly one house.
The preferences of the agents over houses can be modeled as weak
orders, of which two special cases are strict rankings and binary
valuations. Given an allocation ¢ of houses to agents, an agent a
envies agent b if a receives a house ¢(a) that they like strictly less
than ¢(b), the house allocated to b. The amount of envy experi-
enced by an agent a is the number of agents b that it envies with
respect to ¢.

We consider the computational problem of finding allocations that
minimize: the number of agents who are envious, the maximum
envy experienced by any agent, or the total amount of envy expe-
rienced by all agents. We investigate the complexity of all three
optimization objectives for both strict rankings as well as binary
valuations. We show that these problems are FPT when parame-
terized by the number of houses and the number of agents. When
parameterized by solution size, i.e, the value of the optimization
objective, we demonstrate W-hardness in the first objective and
para-NP-hardness for the last objective. We also consider these
questions in the setting of restricted domains and also suggest
practical approaches for these problems via ILP formulations.
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1 INTRODUCTION

The house allocation problem can be thought of as a one-sided
matching problem, where a set A of n agents express preferences
over a set H of m houses — usually specified as either rankings
(with or without ties) or as cardinal utilities.! An allocation is an
assignment of houses such that every agent receives exactly one
house, and every house is assigned to at most one agent.

The setting of 0/1 utilities, or “dichotomous preferences”, where every agent either
likes or dislikes a house, is a popular special case.
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In one-sided matching problems, the focus is typically on obtaining
allocations that optimize for notions of efficiency such as Pareto
optimality [1, 6], and rank maximality [7]. On the other hand, one
may also view house allocation as a resource allocation problem
— specifically, it can be thought of as a constrained version of fair
division of indivisible goods, with the constraint being that that
every agent receives exactly one item, as opposed to the typical
setting where an agent may receive multiple items and even be
empty-handed in valid allocations. In this context, the focus is on
achieving fairness, which is often quantified in terms of envy. Given
an allocation, say ¢ : A — H, an agent a envies a’ if she values
&(a’) more than ¢(a). Finding “envy-free” allocations, i.e, ones
where no agent envies another, is one of the main goals in fair
division, although it’s easily seen to be unattainable in general,
motivating a host of relaxed notions of fairness. Nguyen and Rothe
[9] and Shams et. al. [10] looked at minimizing the envy when
envy-free allocations do not exist.

In the context of the house allocation problem, note that if n =
m, an envy-free allocation exists if and only if there is a perfect
matching in the following bipartite graph: introduce a vertex for
every agent and every house, and let the vertex corresponding to
an agent be adjacent to all the houses that she values more than
any other house. Since every house must be assigned when n = m,
when an agent is assigned anything short of her best option, she will
be envious. Therefore, the existence of an envy-free allocation can
be determined efficiently in this situation using standard algorithms
for checking if a perfect matching exists.

The question is less obvious when n < m, i.e, when there are more
houses than agents. Indeed, one could work with the same bipartite
graph, but it is possible for the house allocation instance to admit an
envy-free allocation even though the bipartite graph does not have
a perfect matching. Consider a situation with three houses and two
agents, where both agents value one house above all else, and the
other two equally. While the graph only captures the contention on
the highly valued house, it does not lead us directly to the envy-free
allocation that can be obtained by giving both agents the houses that
they value relatively less (but equally). It turns out that the question
of whether an envy-free allocation exists can in fact be determined
in polynomial time even when n < m, by an algorithm of Gan
et. al. [4] that involves iteratively removing subsets of contentious
houses. They also show that an envy-free assignment exists with
high probability if the number of houses exceeds the number of
agents by a logarithmic factor. Further, Aigner-Holev and Segal-
Halevi [2] study the relaxed variant of assigning at most one house
to every agent and give an O(m+/n) algorithm for finding an envy-
free matching of maximum cardinality under binary utilities.
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Table 1: A partial summary of our results. Here, d denotes the maximum number of houses approved by any agent. The results
marked with a x refer to reductions that imply hardness even when the standard parameter is a constant, while the result
marked with a T is a FPT reduction and also implies W[1]-hardness in the standard parameter.

When an envy-free allocation does not exist at all, a natural ques-
tion is to find an allocation that “minimizes envy”. The problem
of finding allocations that minimize the number of agents who
experience envy has been articulated and studied in the setting of
cardinal utilities. In particular, Kamiyama et. al. [8] showed that it is
NP-complete to find allocations minimizing the number of envious
agents, even for binary utilities, and it is hard to approximate for
general utilities. Beynier et. al. [3] studied a local variant where an
agent can envy only those agents who are connected to her in a
given social network. In a more recent work, Hosseini et. al. [5]
considered minimizing the aggregate envy in the localized setting.

2 OUR CONTRIBUTIONS

We propose to study the issue of “minimizing envy” from a broader
perspective, and to this end we consider three natural measures of
the “amount of envy” created by an allocation:

(1) the total number of agents who experience envy;

(2) the envy experienced by the most envious agent, where envy
per agent is simply the number of agents that she is envious of;

(3) the total amount of envy experienced by all agents.

While these notions are natural and standard for fair division prob-
lems, as far as we know they have not been considered explicitly in
the context of house allocation problems. We refer to the questions
of finding allocations that minimize these three measures of envy
as the OpTiMAL House ArLrLocAaTioN (OHA), EGALITARIAN HOUSE
ArrocatioN (EHA), and UTILITARIAN HoUSE ArLocaTtioN (UHA)
problems, respectively. Table 1 contains a summary of our main
results and how they are obtained.

We restrict our setting to binary utilities. We show that OHA is
NP-complete even on instances where every agent values at most
two houses. Further, it is W[1]-hard when parameterized by the
number of envious agents. These results require two separate re-
ductions, both from CLIQUE, where the latter result can be viewed
as a reformulation of the NP-completeness result of [8]. We also
show that the reduction of [8] that was used to show the hardness
of approximation of OPTIMAL HOUSE ALLOCATION in the setting of
general cardinal utilities can be suitably adapted to establish that
OHA is NP-complete in the setting rankings (with ties).
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EHA turns out to be NP-complete on instances where every agent
values at most two houses and every house is approved by a con-
stant number of agents by a reduction from INDEPENDENT SET on
cubic graphs. We also show that EHA is NP-complete when the
preferences are specified as rankings (without ties) by an intricate
reduction from the MULTI-COLORED INDEPENDENT SET problem.
In both cases, we achieve hardness when the maximum allowed
envy is just one, establishing that the problem is para-NP-hard in
the standard parameter.

We show that both OHA and EHA are FPT when parameterized by
the total number of house types and agent types, which intuitively
correspond to the number of distinct houses and agents, a parame-
ter that is potentially much smaller than m + n. This is obtained
using an ILP formulation with a bounded number of variables, a
result that is also of independent practical value. We also show,
using a popular technique known as the expansion lemma, that
all three problems admit a linear kernel in n, and can be solved
efficiently when agent preferences are “extremal”.

On the experimental side, we implemented the ILP for OHA and
EHA over synthetic datasets of house allocation problem generated
uniformly at random, using Gurobi Optimizer version 9.5.1. The
average was taken over 100 trials for each instance. For a fixed
number of houses and agents, as the number of agent types, n*
increases, the number of envious agents and the maximum envy
decreases. Instances with identical valuations (n* = 1) seem to
admit more envy than the other extreme (n* = n). This is due
to more contention on the specific subset of goods when n* = 1.
On the contrary, for instances with m* = 1, envy-free allocations
always exist. Indeed, when m* = 1, all houses are of the same type,
which means that an agent either likes all the houses, or dislikes all
of them and in either case, she is envy-free no matter which house
she gets.

3 CONCLUSION

We introduced and studied three kinds natural quantifications of
envy to be minimized in the setting of house allocation: OHA, EHA,
and UHA. We leave several questions related to UHA open. Also,
finding interesting classes of structured input — beyond extremal
intervals — for which these problems are tractable is an important
direction for future work.
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