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ABSTRACT

We consider an auction design problem where a seller sells multiple
homogeneous items to a set of connected buyers. Each buyer only
knows the buyers she directly connects with, and the seller initially
only connects to a few buyers. Our goal is to design an auction
to incentivize the buyers who are aware of the market to invite
their neighbors to join the auction. Meanwhile, the auction should
also guarantee that the seller never runs a deficit. In this paper, we
design the very first multi-unit diffusion auction that satisfies all
these properties for buyers with diminishing marginal utility.
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1 INTRODUCTION

Multi-unit auctions refer to auctions where multiple homogeneous
items are available for sale in a single auction. A common feature
of these markets is that the participants are known in advance,
and the seller can hold the classic Vickrey-Clarke-Groves (VCG)
mechanism [2, 3, 15] to get good social welfare and revenue. To
further improve social welfare and revenue, an intuitive method
is to advertise the sale to involve more buyers. However, the seller
normally needs to pay for the advertisements and if the ads can’t
attract enough valuable buyers, the seller’s revenue may decrease.
To solve this problem, diffusion mechanism design has been pro-
posed in recent years [7, 10, 20, 21]. Diffusion mechanisms utilize
the participants’ connections to attract more buyers. Every partic-
ipant who is aware of the market has incentives to invite all her
neighbors. The rewards to buyers who do effective invitations are
carefully designed to ensure the seller has revenue improvement.
Li et al. [10] first modeled the single-item diffusion auction set-
ting and proposed the information diffusion mechanism (IDM) to
incentivize buyers to invite each other. GIDM [22] and DNA-MU [5]
extended the setting to multi-unit-supply and unit-demand cases.
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However, an error in the proofs of GIDM has been found [14]. In the
full version of this paper, we show that DNA-MU is also problem-
atic [11]. Thus, there is no satisfactory diffusion auction mechanism
even in multi-unit-supply and unit-demand settings yet. Takanashi
et al. [14] also studied the multi-unit-demand settings but they
focus on efficiency approximability and cannot guarantee the seller
is profitable.

In this paper, we design the very first incentive-compatible diffu-
sion auction in multi-unit-supply and multi-unit-demand settings
that has satisfactory revenue guarantees. We propose the layer-
based diffusion mechanism (LDM). LDM first converts the given
network into its breadth-first search tree and computes allocations
and payments layer by layer in the tree. When computing for one
layer, all potential competitors of this layer are removed to avoid
buyers’ misreports. By doing so, we also removed many buyers
who are not competitors of the layer, which will reduce the social
welfare and revenue.

In addition to extending diffusion auctions to more general set-
tings, single-unit diffusion auctions have also been extensively stud-
ied. For single-unit diffusion auctions, following IDM, Li et al. [9]
gave a general auction class; Zhang et al. [17] proposed a fairer
reward scheme; Li et al. [8] further characterized the conditions
to achieve incentive compatibility. Beyond auctions, diffusion in-
centives can also be introduced to other classical settings, such as
the buyer-centric market for procurement [12, 13], redistribution
mechanisms [18], house allocation [6, 16], two-sided matching [1]
and cooperative games [19]. Comprehensive surveys on diffusion
mechanism design are given in [4, 20, 21].

2 THE MODEL

We consider an auction where a seller s sells K > 1 homogeneous
items via a network. In addition to the seller, the social network
consists of n potential buyers denoted by N = {1,---,n}. Each
i € N has a private marginal decreasing utility function for the K
items which is denoted by a value vector v; = (Uil, ‘e ,v?()
vl.l > vlg > 2 U;.K > 0. Let v;(m) = ercnzl U{.C be the valuation
of i for receiving m > 1 units and assume v;(0) = 0. Each buyer
i € N has a set of neighbors r; € N U {s} and i does not know the
existence of the others except for r;. The seller is also only aware of
her neighbors r; initially. Let §; = (vj, r;) be the type of buyeri € N
and 0 = (01,---,0p) = (6, 6—;) be the type profile of all buyers
where 6_; is the type profile of all buyers except for i. We want
to design auction mechanisms that ask each buyer to report her
valuations and invite her neighbors to join the mechanism. This
is mathematically modeled by reporting her type. Let 6; = (9, 1)
be buyer i’s type report where #; C r; because i can not invite
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someone she does not know. Let § = (él, e ,én) = (éi, é_i) be the
report type profile of all buyers. Given a report type profile 6,ifa
buyer i and the seller s are connected, then we say i is valid in the
auction. Let Q(é) be the set of all valid buyers given 0.

A general auction mechanism consists of an allocation policy
7w = (m)ien and a payment policy p = (pi)ien. Given a report
type profile 6, ni(é) € {0,1,---,%K} is the number of items i re-
ceives and Y e 7i(6;) < K. pi(0) € R is the payment that i pays
to the mechanism. If pi(é) < 0, then i receives |pi(é)| from the
mechanism. Given é, for mechanism (, p), the social welfare is
defined as 37, vi(ni(é)) and the revenue is 3.7_ p;i. A diffusion
auction mechanism (r, p) is an auction mechanism that only runs
among valid buyers Q(6) and the output is independent of buyers
in N\ Q(). Given a buyer i of type 0; = (vj, r;) and a report type
profile 6, the utility of i under a diffusion auction mechanism (7, p)
is defined as u; ((7, p), 0) = v; (;(0)) —pi(é).

Definition 2.1. A diffusion auction mechanism (7, p) is individ-
ually rational (IR) if u;((r, p), (vi,7;),0-;) > 0 forall i € N, all
F; C rij,and all ;.

Definition 2.2. A diffusion auction mechanism (7, p) is incentive
compatlble(IC) ifu; ((m, p), 0;,0-i) = ui((7, p), 6,0 _j)foralli € N,
all 91 and all 9_

Given a report type profile 6, an undirected graph G =
(V(é) U {s},E(é)) can be constructed where V(é) ={ili € Q(é)}
Foreachi € V(é)U{s} and each j € 7;, thereisan edge (i, j) € E(é)
For each buyer i € Q(é), let d; (é) be the shortest distance in Q(é)
from the seller s to i. Let .Ed(é) be the set of valid buyers whose
shortest distance to the seller is d, i.e., Ld(Q) ={ili e Q(G) d; (0)
d}. We also call Ld(G) the layer d. Let L<l(9) =Ui<i<t Li (9) and

-£>l(9) = Uz>l £1(9)

3 LAYER-BASED DIFFUSION MECHANISM

In this section, we design a mechanism called layer-based diffusion
mechanism(LDM), for buyers with diminishing marginal utility. In
LDM, we first transform graph G () into its breadth-first search
tree (BFS tree) 7BFS (é) Then, LDM prioritizes buyers by the layers
and decides the allocations and payments layer by layer. When com-
puting the allocations of layer [, we first fix the allocations of buyers
in lower layers L<l(6) and remove the buyers ‘RI(G) .£>1(9)
from the higher layers. RI(H), which will be defined later, should
include the buyers below layer I who are potential competitors of
layer I. After R; (0) is removed, in the remaining buyers, we use a
VCG-like policy to determine the allocations and payments of layer
1. For any buyer i € V(é), let Ci(é) be i’s children in TBFS(é). Let
Imax denote the total number of layers in 7B5FS (0) Algorithm 1
formally defines LDM.

Algorithm 1 Layer-based Diffusion Mechanism(LDM)

Require: A report profile 6;

Ensure: n(é) and p(é);
1: Construct the BFS tree TBFS(é) of graph Q(é)
2. Initialize KTeMain = ¢
3 forl=1,2,---,1"% do
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4 Compute the following constrained optimization problem
and let 7! (§) be the optimal solution.

max SW_g (@)= > 5i(m(6)
) i€0(0)\R/(0)
st. Whenl#1, Vg<I, Vje Ly nj(é) = 7[7(9)

5. forie £(0)do

& SetD;=R;(6)UCi(d) L {i}

7: Compute the following constrained optimization problem:
ma SWop, ()= > 9(x;(0))
T

JeQ(0)\D;
st. Whenl#1, Vg<I, Vje Ly nj(é) = ﬂ;](é)

8 Set 7 () = 7! (0);

o if 7/(0) # 0 then
10: WreAmam — 7<rema1An _ 7[1-1(9); ) )
11: pi(0) = SW_p,(0) - (SW_g,(0) - 8:(x(9)));
12: else R .
13: pi(0) = SW_p,(0) - SW_g,(0);
14: end if
15:  end for
16:  if KTEMAn = o then
17: Set 7 () = pi(6) =0, Yk > LVi € Li(0)
18: break
19:  endif
20: end for

21: Return ni(é) and pi(é) for each buyer i.

InLDM, R, (6) contains all buyers who potentially have positive
utilities. We divide those buyers into two parts: buyers who diffuse
information to potential winners and buyers who are potential win-
ners. In our design, for each i € Ll(é), the first part corresponds to
Clp(é) = {jlj € Ci(0), Cj(é) # 0} C C;(0) who are the children of
i who have also children. The second part corresponds to C;W (9)
who are the top K + p — |Cl7)(9)| ranked buyers in Ci(é) \ C?)(é)
according their valuation reports for the first unit, where p is a con-
stant with rlrézji\]x |Cl.7) 6] < 4. We assume y is prior information to

the seller which only depends on the network structure. Taking the
union of all these sets, the final definition of the removed set R;(6)
is (Ui€£1(9> C:W(é) U Clp(é)) U (Ul+2SdSlmax Ld(é)). Theorem
3.1 summarizes all the properties of LDM. The proof is given in the
full version of this paper [11].

THEOREM 3.1. The LDM is individually rational (IR) and incentive
compatible (IC). The social welfare and revenue of LDM are no less
than the social welfare and revenue of running the VCG mechanism
among rs.

4 CONCLUSIONS

We designed the layer-based diffusion mechanism (LDM) for multi-
unit diffusion auctions with diminishing marginal utility buyers.
Although LDM relies on the prior knowledge of , it is the very first
multi-unit diffusion auction that satisfies all desirable properties. In
future works, it is possible to refine the design of R l(é) to remove 1.
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