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ABSTRACT
We consider the problem of playing in repeated extensive
form games where agents do not have any prior. In this sit-
uation classic game theoretical tools are inapplicable and it
is common the resort to learning techniques. In this paper,
we present a novel learning principle that aims at avoiding
oscillations in the agents’ strategies induced by the presence
of concurrent learners. We apply our algorithm in bargain-
ing, and we experimentally evaluate it showing that using
this principle reinforcement learning algorithms can improve
their convergence time.

Categories and Subject Descriptors
I.2.6 [Learning]: Concept Learning; I.2.11 [Distributed

Artificial Intelligence]: Multiagent Systems

General Terms
Algorithms, Design

Keywords
Multi Agent Learning, Game Theoretic Foundations

1. INTRODUCTION
In this paper we focus on the application of the RL ap-

proach to extensive form games with incomplete informa-
tion. It is worth noting that most work in multi-agent RL is
centered on learning in repeated strategic form games, where
the agents, at each step, simultaneously choose their actions.
The application of RL techniques in extensive form games
with incomplete information is still largely unexplored.

Our original contribution is a general learning principle
(CoLF: Change or Learn Fast) that, by opportunely modify-
ing the learning rate, aims at reducing the non-stationary ef-
fects induced by explorative actions performed by the other
learning agents. If all the learning agents adopt the CoLF

principle exploration rates may be kept higher, thus signifi-
cantly reducing convergence times.

We experimentally evaluate CoLF in a specific case study
(Rubinstein’s alternating-offers bargaining [3] with dead-
lines) comparing it with respect to classic Q-Learning. We
show that when a best response learner (based on CoLF
or Q-Learning) is coupled with another learner of its same
kind, the two learners are able to converge to the equilibrium
strategies, in this case subgame perfect. The experimental
results show also that the CoLF principle allows to drasti-
cally improve the convergence speed with respect to classic
Q-Learning.

2. THE COLF LEARNING PRINCIPLE
In stochastic games the performance of the learning pro-

cess is negatively affected by agents’ changes in their strate-
gies: every time an agent changes its policy, all the other
RL agents perceive a non-stationarity in the environment
dynamics. While in general stochastic games Q-Learning
with ε-greedy exploration strategy is not guaranteed to con-
verge, in a subclass of extensive form games it is possible
to prove that it succeeds in approximating the exact values
with an error ξ when the exploration factor ε is under a
given threshold [1]. Although relevant, this theoretical re-
sult does not provide any information about the convergence
speed of the algorithms and, as we discuss in the experimen-
tal section, could be a severe obstacle to the application of
learning algorithms to significant problems. In fact, RL al-
gorithms benefit from a long and exhaustive exploration in
order to achieve optimal strategies. At the same time, in a
stochastic game, high exploration factors may contribute to
the non-stationarity perceived by the agents.

CoLF (Change or Learn Fast) principle is inspired by the
work of Bowling and Veloso [4], where a variable learn-
ing rate is considered. According to the CoLF principle,
the learning rate of the algorithm is set as follows: if the
achieved outcome is suddenly changing, then agents learn
slowly, otherwise agents learn quickly. This principle gives
less importance to “unexpected” outcomes (i.e. payoffs that
are quite different from those achieved recently in the same
state), probably generated by non-stationary causes like ex-
ploration activity or normal learning dynamics, while allow-
ing to speed up learning when the agents are playing near-
stationary strategies. As a result, a learning agent does not
immediately modify her strategy because of the unexpected
outcome, so that she can verify whether it is caused either
by exploration or by an actual change in the other agents’
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Algorithm 1 CoLF – Change or Learn Fast
Let αNS > αS , and λ be learning rates, k > 1
S(s, ai)← 0, ∀s ∈ S, ai ∈ Ai

Q(s, ai)←
rmax
1−γ

, ∀s ∈ S, ai ∈ Ai

for all steps do

choose action at
i according to exploration strategy

execute at
i and get the payoff rt

i

read the state st

compute ut
i = rt

i + γ arg maxa Q(st, a)

Δut
i ← |u

t
i −Q(st−1, at

i)|

if Δut
i > kS(st−1, at

i) then

α← αNS

else

α← αS

end if

Q(st−1, at
i)← (1− α)Q(st−1, at

i) + α
`
rt

i + γ arg maxa Q(st, a)
´

S(st−1, at
i)← (1− λ)S(st−1, at

i) + λ ·Δut
i

t← t + 1
end for

strategies. This principle is very general and may be applied
to a variety of different learning algorithms.

Algorithm 1 shows how CoLF principle can be employed
in Q-Learning. For each pair 〈s, a〉, where s is a state and a is
an action, besides the Q-value, the algorithm needs to store
and update also the S-values. The S-values are exponential
averages with weight factor λ of the absolute differences be-
tween the current outcome u and the corresponding Q-value.
The algorithm exploits two learning rates αNS and αS , with
αNS > αS , and the choice of the learning rate to use to up-
date the Q-value associated to 〈st, at

i〉 depends on whether
the absolute difference between the current outcome and the
Q-value is greater than k times the S-value.

3. BARGAINING MODEL
Alternating-offers bargaining with deadlines is essentially

a finite horizon extensive form game, where a buyer b and
a seller s try to agree on the value of a parameter. A player
function ι : N → {b, s}, such that ι(t) �= ι(t + 1), gives
the agent that act at time t. The allowed actions of agent
ι(t) at time t > 0 are (1 ) offer(x), where x ∈ R, (2 ) exit ,
and (3 ) accept ; whereas at t = 0 agents can make only (1 )
and (2 ). If at t agent ι(t) makes accept the game stops and
the outcome is (x, t), where x is the value offered by agent
ι(t − 1) at time t − 1. If at time t agent ι(t) makes exit the
game stops and the outcome is NoAgreement . Otherwise
the bargaining continues to the next time point.

The gain of an agent i in reaching an agreement (x, t) is
given by a utility function Ui : (R×N)∪{NoAgreement} →
R that depends on three parameters of agent i: the reserva-

tion price RPi ∈ R
+,the temporal discount factor δi ∈ (0, 1],

and the deadline Ti ∈ N, Ti > 0. If the outcome is an agree-
ment (x, t), then Ub and Us are respectively:

U
b
(x, t) =

(
(RP

b
− x) · δt

b
if t ≤ T

b

−1 otherwise
, Us(x, t) =

(
(x − RPs) · δt

s
if t ≤ Ts

−1 otherwise

if the outcome is NoAgreement , then Ub(NoAgreement) =
Us(NoAgreement) = 0.

When an agent can make any offer x ∈ R and information
is complete, alternating-offers has a unique subgame perfect
equilibrium (see [2]); we call it SPE1. When offer x is dis-
cretized and information is complete, in addition to SPE1, a
new equilibrium raises; we call it SPE2. Essentially, SPE2 is
very close to SPE1, the difference lays in the offer that agent

ι(T − 1) would make at T − 1 (RPι(T ) in SPE1, RPι(T ) ±Δ

in SPE2 where Δ is the discretization step).
In the translation of alternating-offers to stochastic games,

the reward function is non-zero for both the agents only for
termination states, where it is the utility of the accepted
offer without temporal discount. Exactly, the buyer’s reward
function is (the seller’s one is analogue):

Rb(x, t) =

(
(RPb − x) if t ≤ Tb

−1 otherwise
.

This definition is consistent with the individual goal of each
learning agent that tries to maximize the sum of its expected
reward. In fact, set the value of γ equal to δ, the expected
payoff becomes E[

Pt

j=0 γjRi(sj)] = γtRi(st).

4. EXPERIMENTAL RESULTS
Our experimental activity is directed to verify whether

the CoLF learning principle actually allows the reduction of
the number of repeated interactions required to converge to
an optimal strategy in presence of concurrent learners.

We carry out our experimental activity on the following
case study: δs = 0.7, δb = 0.8, Ts = Tb = 9. Moreover, since
in the bargaining problem each player has continuous actions
(i.e., the offer x ∈ R), in order to apply traditional RL algo-
rithms based on a tabular representation of the action-value
function, we discretized the offer interval (that we assume,
without loss of generality, to be [0, 1]) into a finite set of
available actions with a discretization step Δ = 0.05.

In order to transfer the theoretical results described in [1]
to the bargaining domain we must exclude terminal states
that give to an agent the same payoff. Specifically, the two
reservation prices must be excluded from the set of avail-
able offers (i.e., 0 and 1), and we substitute them with two
offers that follows inside the offer interval and are close to
the reservation prices (in the experiments we use 0.001 and
0.999). Under these settings the game has a unique SPE,
i.e. SPE2, that can be achieved by two Q-learners providing
that their exploration probabilities are small enough. Given
the values chosen for the bargaining problem, we fixed the
exploration probability for Q-Learning to 0.025 (we refer to
this version as Q-Lv1 ). For comparison we made experi-
ments with a second version of Q-Learning (Q-Lv2 ) char-
acterized by an optimistic initialization of the Q-values and
by a larger exploration probability, so that convergence to
the SPE cannot be guaranteed. Finally, we apply the CoLF
learning principle to Q-Learning under the same exploration
settings of Q-Lv2 to directly compare their performance.

The experiments can be grouped into two different cate-
gories: in self-play and in which the agents are allowed to
offer also their reservation prices, thus rising new equilib-
rium solutions.

4.1 Learning in Self-Play
We compare the learning performance of Q-Learning and

CoLF when both the buyer and the seller are learning agents
with the same algorithm. In this setting, convergence to the
subgame perfect equilibrium means that none of the agents
succeeds in exploiting the opponent and, as a consequence,
they both learn to play an equilibrium strategy.

The graph in Figure 1 shows the percentage of successful
negotiations along the learning process, while the graphs in
Figure 2 show the subgame optimality for the seller (at left)
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Figure 1: Performance of learning algorithms in self-
play in repeated negotiations
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Figure 2: Performance of the seller (left) and the
buyer (right) in self-play in random negotiations

and for the buyer (at right) respectively. The only algo-
rithm that has theoretical convergence guarantees is QLv1.
Although QLv2 and CoLF do not have any theoretical guar-
antee, they show a fast convergence to the SPE solution. In
particular, CoLF shows a significant improvement with re-
spect to the other two learning algorithms both in terms of
learning speed and optimality of the solution. The exper-
iment with randomly restarted negotiations highlights the
intrinsic asymmetry between the seller and the buyer that
plays at the deadline and is “forced” to accept profitless of-
fers. This makes more difficult the learning process for the
buyer whose performance is quite far from the optimality.

4.2 Learning with Equivalent Strategies
We consider here the situation in which agents can offer

opponents’ reservation prices, and consequently there are
two SPEs. At first we coupled a game theoretical agent that
plays the SPE1 strategy with a learning agent using CoLF.
In this context the learning agent is expected to learn the
optimal strategy. The game theoretical agent starts the ne-
gotiation as the seller, while the learner is the buyer and
plays at the deadline. The experiment has been carried out
with random restart, and it aims at evaluating the percent-
age of states in which the learning agent has learned the
SPE1 strategy. As shown by Figure 3 the optimal strategy
learned does not perfectly overlap with the SPE1 strategy.
This result is not surprising; in fact, when the buyer plays at
the deadline and the other agent has offered buyer’s reser-
vation price, independently from the action taken by the
buyer its payoff will be 0. While in a game with complete
information, by knowing the utility of the other agent, the
equilibrium strategy is that the buyer at the deadline should
accept her own reservation price, in a game with incomplete
information the buyer faces several equivalent strategies.

This phenomenon is even more evident when we consider
the negotiation between two learners. Figure 4 displays the
percentages of optimality of the learned policies (the seller
on the left and the buyer on the right) evaluated with re-
spect to the two SPEs strategies of the game. These graphs
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Figure 3: Optimality according to the SPE1 with
indifferent actions
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Figure 4: Comparison between optimality according
to the SPE1 and SPE2 with indifferent actions for
the seller (left) and the buyer (right)

show that the two learners in presence of these two SPEs
converge to SPE2. This result can be explained as follows:
since the agent that plays at the deadline (say the buyer),
when receiving an offer equal to her reservation price, will
randomize among its actions, the other agent (say the seller)
will perceive a low outcome associated to that offer. For this
reason the seller will switch to the first available offer be-
low the reservation price of the buyer, and this offer will be
unconditionally accepted by the seller.

5. CONCLUSIONS
In this paper we have proposed the CoLF principle applied

to Q-Learning in order to limit the non-stationary effects in-
troduced by concurrent learning agents and to improve the
convergence speed and the performance after few repeated
episodes. The algorithm has been compared to two parame-
terizations of Q-Learning in the relevant and challenging set-
tings of alternating-offers bargaining games with deadlines.
Finally, we analyze the performance of learning algorithms
when more than one subgame perfect equilibrium is present.
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