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ABSTRACT

1

We investigate the problem of preselecting a subset of buyers participating in a market so as to optimize the performance of stable
outcomes. We consider four scenarios arising from the combination
of two stability notions, item and bundle envy-freeness, with the
two classical objective functions, i.e., the social welfare and the
seller’s revenue. When adopting the notion of item envy-freeness,
we prove that, for both the two objective functions, the problem
cannot be approximated within n 1−ε for any ε > 0, and provide
tight or nearly tight approximation algorithms. We also prove that
maximizing the seller’s revenue is NP-hard even for a single buyer,
thus closing a longstanding open question. Under bundle envyfreeness, instead, we show how to transform in polynomial time
any stable outcome for a market involving only a subset of buyers to a stable one for the whole market without worsening its
performance, both for the social welfare and the seller’s revenue.
This transformation implies that, although in this case buyer preselection cannot improve the performance, it can still be used as an
algorithmic tool for computing good stable outcomes when preselection is not allowed. In fact, it can be first exploited to simplify
the combinatorics of the problem, and then for mapping back the
computed solution to one encompassing all the buyers. Finally, we
consider multi-unit markets, where all items are of the same type
and are assigned the same price. For this specific case, we show that
buyer preselection can improve the performance of stable outcomes
in all of the four considered scenarios, and design corresponding
approximation algorithms.

Determining an efficient pricing strategy is a fundamental problem
in many business activities, as it affects both the seller’s revenue
and the customers’ or buyers’ satisfaction. Usually, optimal prices
are the result of a challenging counterbalancing process: selecting
low prices, for instance, may be profitable for the seller when it
attracts considerably more customers, but, at the same time, in
case of limited supply, it may leave some buyers unsatisfied, thus
generating discontent. In particular, this happens when a customer
is negated the right to buy her preferred set of items, or even any
item at all, despite the fact that she is willing to pay for the posted
prices. In this case she is often called loser, as opposed to a customer
receiving items, called winner. For such a reason, pricing problems
are traditionally considered under the hypothesis of envy-freeness
[20, 26], which prescribes that, once a pricing strategy has been
established, items have to be allocated to buyers in such a way that
no one would prefer a different set of items.
However, if from the one hand safeguarding the losers’ interests
shelters the seller from possible future losses due to their dissatisfaction, on the other hand, a result by [5] shows that, in certain
markets, an intrinsic and unavoidable hurdle to the construction
of a good quality envy-free solution may come from the presence
of a set of “disturbing" customers, that is, a set of buyers such that
at least one of them gets envious in any assignment of sufficiently
high revenue. This observation naturally leads to the following
intriguing question: “What happens if envy-freeness is restricted to
apply only to the set of winners? Can the seller raise enough more
revenue (with certainty) today to compensate the (uncertain) future
loss of potential customers?". Such a relaxed form of envy-freeness
models indeed the situation in which the seller is allowed the freedom to discard any subset of buyers from the given instance, so
as to get rid of envious losers in the assignment she would like to
propose.
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1.1

INTRODUCTION

Our Contribution

Motivated by the above discussion, we introduce and investigate
the buyer preselection problem in which, given a pricing problem P
with n buyers and m items, we are interested in computing the best
possible envy-free solution that can be achieved by removing any
arbitrary subset of buyers from P. We consider four scenarios arising
from the combination of two stability notions, called item and
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bundle envy-freeness, respectively, with the two classical objective
functions, namely, the social welfare and the seller’s revenue.
In an item envy-free allocation, given a pricing of the items, each
buyer gets the subset maximizing her utility among all possible
subsets that can be created from the set of available items; in a bundle envy-free allocation, no buyer gets a better utility by receiving
the bundle allocated to any winner. Observe that these allocations
are always guaranteed to exist, as it suffices to assign all items an
arbitrarily high price, so that no winner is possible.
For item envy-free allocations and both objective functions, we
show that the buyer preselection problem cannot be approximated
within n1−ϵ for every ϵ > 0, unless P = ZPP. On the positive side,
under the objective of social welfare, we design an n-approximation
algorithm, while, for the case of revenue maximization, we give an
O(n log m)-approximation. In particular, these results are obtained
as follows: all but one buyer are discarded from the given instance,
so that we are left with a pricing problem with a single buyer.
While such a problem is solvable in polynomial time under the
objective of social welfare, for revenue maximization, it already
exhibits challenging combinatorial structures and, to the best of our
knowledge, has been considered before only in [3]. In this paper
an O(log m)-approximation is provided, but no lower bounds on
the problem complexity are given. We show that the problem is
NP-hard, thus solving the corresponding open problem raised by
the authors.
We stress that efficient preselection can be profitable under two
orthogonal directions: from the one hand, the removal of a subset of
pathological envious buyers may increase the value of the optimal
solution; from the other hand, even when this does not happen or
it has only a modest impact, simplifying the combinatorial structure defined by the valuation functions of the winners may lead to
the design of better approximation algorithms. In fact, for the two
preselection problems obtained by considering bundle envy-free
allocations, we show how to transform in polynomial time any allocation which is bundle envy-free only for the subset of the winners
to a bundle envy-free allocation for all buyers without worsening
its performance. Hence, although this transformation implies that,
in this case, buyer preselection cannot improve the performance
of stable outcomes, it can be used to map any bundle envy-free
allocation for a subset of winners obtained through preselection
back to a bundle envy-free allocation involving all buyers.
Finally, we consider the multi-unit case, where all items are
of the same type and are assigned the same price. We show how
preselection can improve the revenue and the social welfare of
both item and bundle envy-free solutions. In particular, for item
envy-free allocations, we show a tight multiplicative factor of m
for both objective functions. For bundle envy-free allocations, we
show a lower multiplicative bound of 2 for both the revenue and the
social welfare, and prove that it is tight for the objective of revenue
maximization. We also provide tight results on the complexity of
computing optimal solutions for the buyer preselection problem
under envy-freeness.

1.2

the achievements which are mostly related to the model of [23] we
consider in this paper.
For the social welfare maximization, the VCG mechanism
[15, 21, 27] provides an optimal solution to the envy-free pricing
problem. However, while this mechanism is efficiently computable
in markets with unit-demand buyers, yet for single-minded ones
its computation becomes NP-hard. Approximate solutions are still
possible in this case thanks to the results of [2]. Also Walrasian Equilibria [28] provide an optimal solution to the problem [4]; however,
they are guaranteed to exist only under very stringent hypothesis
on the buyers’ valuation functions [22].
For the revenue maximization, [3, 7, 14, 23, 24] design logarithmic
approximation algorithms for various special cases of the problem.
Relative hardness results have been given by [6, 8–10, 16]. Further
variants have been considered by [1, 5, 11–13, 17].
[18] propose an interesting relaxation of the notion of Walrasian
Equilibrium, called Combinatorial Walrasian Equilibrium (CWE),
obtained by grouping items into bundles so as to induce a “reduced
market” to which, then, applying the notion of Walrasian Equilibrium. They show the existence of a CWE yielding a 2-approximation
of the optimal social welfare and that of a CWE yielding a logarithmic approximation of the optimal revenue.
Finally, [25] study the case of revenue maximization in markets
with multi-unit items under both item and bundle envy-freeness
when allowing both item and bundle pricing. Such setting has been
extended in [19] where the authors consider a social graph of the
buyers and envies can arise only between neighbors.

2

CONCLUSIONS AND FUTURE WORK

Many results holding for the item envy-free outcomes and social
welfare objective function extend to the notion of Walrasian equilibria, that are item envy-free outcomes with the additional requirement that the market clears, i.e., every unsold item is assigned price
zero. In particular, the inapproximability result showing that the
buyer preselection problem cannot be approximated within n1−ϵ for
every ϵ > 0, unless P = ZPP, and the n-approximation algorithm
for the buyer preselection problem directly extend to Walrasian
equilibria. Notice also that for the remaining uncovered cases, that
is when the goal is that of optimizing the seller’s revenue, there
is no reason for requiring market clearance, a condition clearly
limiting the power of setting prices so as to maximize the revenue.
The main left open problems are: for the pricing problem defined
on markets with a unique buyer, closing the gap between the NPhardness and the logarithmic approximation for the case of revenue
maximization and item envy-free solutions; for the multi-unit case
with bundle envy-free outcomes, determining an upper bound to
the social welfare improvement achievable by preselection and
setting the complexity of computing optimal solutions, for both the
revenue and the social welfare cases.
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