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1 INTRODUCTION

Nash equilibrium is one of the most fundamental solution concepts
within game theory. It is defined as a strategy profile in which no
individual can gain by changing its strategy unilaterally. Extensive
work within algorithmic game theory in the last two decades has
led to a plethora of results on computation of a Nash equilibrium
(NE) in various finite normal-form games [1, 5-7, 9]. The problem is
PPAD-complete even for two-player games [6, 9]. Despite this, the
classical result of von Neumann (1928) gave a linear programming
formulation for two-player zero-sum games, where one player’s
gain is the other’s loss [8, 12].

In this paper, we study the computation of a Nash equilibrium
in the polymatrix Blotto game that is zero-sum in total. To describe
how general this setting is, we first need to understand the classical
two-player Blotto setting, which has been previously studied [2, 3].
In this game, both players have a certain number of soldiers that
they allocate to a number of battlefields. A function h(b, k1, k;) rep-
resents the payoff of the first player from battlefield b when the first
player allocates k1 soldiers, and the second player allocates k3 sol-
diers to battlefield b. The second player’s payoff is —h(b, k1, kz). The
total payoff of a player is the payoffs summed over all battlefields.

The polymatrix zero-sum Blotto game is a multi-player version
of the two-player Blotto game. In the polymatrix zero-sum Blotto
game, each player has a number of soldiers to distribute among
battlefields. For each edge (u,v) in the network we are given two
functions, A7 and k¥, for players u and v respectively, and they need
not add up to zero. The only guarantee is that the total payoff of all
the players is zero in any play. We show a LP formulation for the
zero-sum polymatrix game [4], and combine it with the algorithm
of [2] to obtain a polynomial time algorithm to compute a NE.
The Blotto game is typically used to model competition between
two players on multiple fronts using limited resources. Since our
game need not be pair-wise zero-sum, it is capable of capturing
competition between multiple teams, where a team is made of a
set of players who are coordinating with each other to beat other
teams.
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2 PRELIMINARIES

In this section, we briefly discuss the normal-form polymatrix game
and show a linear program for the computation of the NE when
the game is zero-sum. Additionally, we give a brief description of
the Blotto game.

Notations. We will use [n] to denote index set {1,. . . ,n}, bold-face
letter x to denote vectors, and x; or x(i) to denote the i’ h coordinate
of vector x. For matrix A, we use A(i,j) to denote its entry in i th
row and j'# column. For a finite set S, A(S) represents all probability
distributions over elements of S.

Polymatrix Games. A game played on a network, where each
node is a player, and plays a two-player game with each of its
neighbors, is called a polymatrix game. Let the underlying undi-
rected graph be G = (V,E). Let S, be the set of strategies of player
u € Vand A, = A(Sy) be its set of mixed strategies. On edge
(u,v) € E, let the payoff matrix of node u be Ay, v and that of v
be Ay, u. If each player v € [m] plays strategy x, € Ay, we will
denote the strategy profile using x = (x¢ )y ey The payoff of player
u € V atxis Payoff, (x) = ¥, 0)cE quAu,vxv,

Again, x is said to be at Nash equilibrium (NE) if no player gains
by unilateral deviation. Existence of a NE follows from Nash’s theo-
rem [11]. Let us define the payoff of player u € V from her pure strat-
egy i € Sy, tobePayoff,, (i,x_,), where x_, represents the strategies
of all players except u. So, Payoff,, (i,x-v) = Yo:(u,0)eE(Au, vXv)i-

Let S = X, ev Sy. The polymatrix Blotto game is said to be zero-
sum if, for every pure profile s € S, the sum of payoffs of all the
players is zero, i.e., Xy ev Doy Au,v(Su,Sv) = 0.

THEOREM 2.1. If the polymatrix game is zero-sum, then the fol-
lowing linear-program gives a NE.

minimize Z Wy
ueV
wy > Payoff,(i,x_y) YueV,VieS,

YueV

(1)

subject to

Xy € Ay

Blotto game. A Blotto game consists of B battle fields, and players
with a number of soldiers. In the two player case, let S; and Sy be the
number of soldiers of the two players. If the first and second player
places j and k soldiers on battlefield b € [B], then they receive pay-
off h1(b,j,k) and ha(b,j, k) respectively from this battlefield. Each
player i = 1,2 distributes her S; soldiers among B battlefields, and
her payoff is the sum of the payoffs from each battlefield. Clearly,
the number of pure strategies of player i is (Sigf; a 1), but the payoff
representation takes at most O(B = S * Sz) space. Thus, each player
has exponentially many strategies in the game representation.
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3 ZERO-SUM POLYMATRIX BLOTTO

We will derive polynomial time algorithms to solve zero-sum poly-
matrix Blotto games using ideas from [2].

Let the underlying graph of the polymatrix game be G = (V,E),
and let m = |V|. There are B battlefields, and each player u € V
has S, soldiers to allocate to these battlefields. A pure strategy
of player u is an integer vector x = (xi,...,xp) > 0 that defines
a partition of S;, soldiers over B battlefields, i.e., Zle Xg = Su.
Let X;, denote the set of pure strategies of player u. Then, clearly,
| Xul= (S“gffl). Let Ay, = A(Xy) be the set of mixed strategies
available to player u. Let h5 (b, j,k) be the (arbitrary) payoff that
u receives from playing against v on battlefield b, when u uses j
soldiers and v uses k soldiers.

Since the number of pure strategies of each player is exponential,
we cannot directly find a NE by using LP 1. Instead, we will map
each strategy to a different strategy space. Let n(u) = B(S;, + 1) be
the number of marginal strategy entries available to player u € V.
For a binary matrix % € {0,1}"®), let (b, j) = 1 if and only if player
u places j soldiers on the btk battlefield. For x = (X1,...,%Xp) € Xy,
this defines a mapping G, (x) = % € {0,1}"®). Now, define the set
I, = {% € {0,1}"®|3x € X,Gyu(x) = x}. For x € Ay, similarly
define Gy (x) = % € [0,1]"®) such that %(b, j) is the probability that
mixed strategy x puts j soldiers in the b'" battlefield. Define the set
Ju=1{x¢€ [0,1]”(”)|3x € A(X),Gy(x) = X}. Note that I, does not
have a succinct representation and may have exponentially many
strategies.

If player u plays pure strategy ¥ and player v plays mixed strategy
%o, then the payoff of u against v on battlefield b is g5 (b, ¥,%y) =
zfgo 242, §(b.)HhE(b.j.k)%o(b. k). Then, if player u € V plays
pure strategy § € I, and every other player v € V such that
v # u plays strategy X, then u receives payoff Payoff,, (y,%-4) =
Zv#u Zle 93 (b, ¥.%0).

3.1 Linear Program with Exponentially Many
Constraints

minimize Z wy (2)
uev

subjectto %Xy € J, YueV (Membership constraints)

wy > Payoff (§,%y) Yu e V,V§y €I,  (Payoff constraints)

LEMMA 3.1. LP (2) computes a NE of the polymatrix Blotto game
if it is zero-sum in the new space.

Since LP (2) can find a Nash equilibrium of the game as long
as the sum of payoffs of all the players is always zero, and we
do not require that h% (b, j,k) = —h¥%(b,j,k) as in [2]. Note that LP
(2) has polynomially many variables, but the representation of J,
may require exponentially many inequalities. So, LP (2) may have
exponentially many constraints. Thus, the only way to solve it is
by using the ellipsoid method [10]. For this, we need to construct a
polynomial-time separation oracle for the polyhedron of LP (2).

A separation oracle (SO) is a polynomial time algorithm that
takes a point and either finds a hyperplane that separates the point
from the feasible region, or returns that the point is in the feasible
region. We construct efficient separation-oracles for both Member-
ship and Payoff constraints individually.
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SO for the Membership Constraints. For every u € V, we can
construct a separation oracle for the membership constraint that
takes a point X, as input and either finds a hyperplane that separates
%Xy from Jy,, or reports that no such hyperplane exists. We need to
find a hyperplane g + 27:(';) ajxj = 0 such that %y is on one side of
the hyperplane, and all § € I, are on the other side. This is because
Ju is the convex hull of points in I, so if a hyperplane separates X,
from all the points in I, then it separates X, from J,. The following
linear feasibility problem finds such a hyperplane if it exists.

n(u)

o + Z aj%e() 20, ap+
J=1

n(u)

a;y(j) < 0Vy el (3)
=1

J

Since there are exponentially many constraints in this linear
feasibility problem (3) also, we must construct a separation oracle to
solve it. We construct a separation oracle that takes ay, . . ., &) as

input, and tries to find a § € I, that maximizes a + Z?z(lll) a;¥(j). To
do this, we will first write the following dynamic program (DP) that
takes o, . . . cp(y) for some u € V and returns the maximum possible

value of (co + 27(”

=1) ¢j§())- We will use c;,j to denote cp(;_1)s ;-

d[b,j] = max {d[b—-1,j—j']+ cij} Vb € [B],Vt € [0,5,]

0<j'<j

d[0,0] = co 4)

Base case:

LEMMA 3.2. Dynamic program (4) computes the maximum possible

" ¢15) for§ € .

value of co + 3}
We can use back pointers to find a §4* € I, that maximizes
the value. Then, our separation oracle will use DP (4) with ¢; = «;
for every i € [0,...,n(u)]. If d[B,S,] < 0, it will report that the
hyperplane of the LP 3 satisfies the constraint, and if d[B,S,] > 0,
it will return the violated constraint ag + Z;lz(lf) a;ym*(j) = 0.
SO for Payoff Constraints. We construct a separation oracle for
the payoff constraints in LP 2 that takes %X, and w,, Yu € V. The

payoff, Sz X5, 57 530 (b, )AL (b,J, k)% (b, )
= 2B S YN o B2 hE b, k)% (b, )]

We set cp j = You Zizo hy (b, j, k)%y(b, k).

Then, we can run algorithm (4) to find the y"¢* € I, that
maximizes the above. Then, if d[B,S,] < wy, it will report that
the payoff constraint is satisfied, and if d[B,S;] > wy,, then it will
return this violated constraint.

Algorithm (4) runs in time O(B * (max, ¢[n) Su)?) time using DP.
Since algorithm (4) runs in polynomial time and both the separation
oracles run in polynomial time, we can use ellipsoid method to
solve the LP 2 in polynomial time. Next, since the vector {Xy},ev
obtained from the LP is in the marginal strategy space J,,, we must
retrieve the corresponding strategy profile {xy},cy in the original
strategy space Xj. For this, we can use the efficient procedure
developed in [2]. From the above analysis, together with Lemma
3.1, the next theorem follows.

THEOREM 3.3. There is a polynomial time algorithm to compute a
NE of the zero-sum polymatrix Blotto game.
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