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ABSTRACT
Games with imperfect recall are a powerful model of strategic

interactions that allows agents to forget less important details of

the past. Nevertheless, the computational treatment of imperfect-

recall games is largely unexplored so far, and no efficient strategy

representation for this setting is known. In this paper, we focus on

general imperfect-recall games without absentmindedness, and we

study how to produce a perfect-recall representation of these games

using personalities. In particular, a valid personality assignment is

a decomposition of an imperfect-recall player such that she does

not exhibit memory losses within the same personality. Given a

valid personality assignment, we can build an auxiliary team game
where a team of perfect-recall players—sharing the same objectives—

replaces a player with imperfect recall. Our primary goal is the

construction of a compact representation in terms of number of

personalities. We study the (iterated) inflation operation as a way to

simplify the information structure of a game with imperfect recall.

We show that the complete (i.e., maximal) inflation of a game can

be found in polynomial time. We also show that finding the valid

personality assignment minimizing the number of personalities is

NP-hard, and also hard to approximate, unless P = NP, even in a

completely inflated game.
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1 INTRODUCTION
The treatment of imperfect-recall games is much more involved

than that of games with perfect recall. First, the equivalence be-

tween behavioral and mixed strategies no longer holds [16, 18].

Moreover, even solving two-player zero-sum games is exponen-

tial in the worst case, unless P = NP [12]. In this setting, the

sequence form is not well defined [19] and other approaches for

computing equilibria in the perfect-recall setting, e.g. regret-based

algorithms [9, 22], lose their theoretical guarantees.

Despite these difficulties, imperfect-recall games recently became

widely adopted in solving large imperfect-information games with

imperfect-recall abstractions of the original game (see, e.g., [10, 21]).
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However, most of the algorithmic techniques known so far for

imperfect-recall games require strong assumptions on the structure

of the game [4, 13–15].

One of the crucial issues related to games with imperfect re-

call is the choice of the most appropriate strategy representation.

Mixed strategies aremore expressive than behavioral strategies [11],

which may lead to arbitrarily inefficient (in the number of terminal

nodes) solutions [5].
1
Hence, such inefficiencies pushes for the

adoption of mixed strategies. On the other hand, mixed strategies

are often impractical since their size is exponential, while behav-

ioral strategies represent a compact (linear) alternative. In practice,

the empirical inefficiency of behavioral strategies in team games

has been shown to be negligible in many settings [1–3, 5].

We start by providing the first polynomial-time algorithm to

compute the complete inflation of an imperfect-recall game in an

iterative fashion. Next, we introduce the notion of personality and

define a valid personality assignment. A personality of an imperfect-

recall player is a subset of her information sets where she does not

exhibit memory losses. An imperfect-recall player can be seen as a

team—a set of perfect-recall players with the same objectives [20]—

where each personality corresponds to a team member. Given an

imperfect-recall game, we build an equivalent auxiliary team game
with perfect recall with the following features: (i) mixed strategies

have the same expressive power in the former and in the latter,

(ii) it reduces the inefficiencies of employing behavioral strategies.

The inefficiency of behavioral strategies increases exponentially in

the number of team members [5]. Equivalently, in imperfect-recall

games, the inefficiency increases in the number of personalities used

to represent an imperfect-recall player. Then, in the perspective

of computing an approximate solution (i.e., an approximate Nash

equilibrium) through behavioral strategies, it is crucial to minimize

the number of personalities required to build the auxiliary game.We

show that the problem of computing a valid personality assignment

with the smallest number of personalities is APX-hard even on

completely inflated trees.

2 PRELIMINARIES
An extensive-form game Γ with imperfect information has a finite

set of players P, a finite set of actionsA, and a finite set of histories
H . Each history identifies a node of the game tree. History h is a

prefix of h′ (h ⊑h′) if h′ begins with h. Each player i ∈ P has a set

Ii of information sets, which form a partition over her decision

nodes. For any I ∈ Ii , all h,h
′ ∈ I are indistinguishable to player i .

The set of actions available at I is denoted by A(I ). Given a history

h, defineXi (h) to be the sequence of pairs composed of information

1
In particular, [5] show that, in team games, the inefficiencymay increase exponentially

in the number of team members.
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set and action s.t. (I ,a) ∈ Xi (h) if I ∈ Ii and there exists h′ ⊑h
such that h′ ∈ I and h′a ⊑h. The order of the pairs in Xi (h) is the
same in which they occur in h. DefineX (h) to be the sequence pairs
belonging to all players, and X−i (h) similarly, by removing player

i’s information set, action pairs from X (h).
We say that a player i has perfect recall if, ∀I ∈ Ii , and ∀h,h′ ∈ I :

Xi (h) = Xi (h
′). Otherwise, the player has imperfect recall. An

imperfect-recall game exhibits absentmindedness if a player forgets
previous moves she made [18]. In the following, we focus on games

without absentmindedness.

A pure normal-form plan for player i is a tuple s ∈ Si = ×I ∈IiA(I ).
We denote by s(I ) the action selected in s at information set I . A

mixed strategy σi for player i is defined as σi : Si → ∆ |Si |
. A

behavioral strategy πi ∈ Πi associates each I ∈ Ii with a probability

vector overA(I ). Two strategies of player i are realization equivalent
if, given any strategy of the other players, they force the same

distribution over the outcomes of the game.

3 INFLATION
The basic idea behind inflation [7, 11, 17] is splitting information

sets that causememory losses while guaranteeing that, ∀i ∈ P, each

mixed strategy of the original game has a realization equivalent

mixed strategy in the new game, and vice versa.

Definition 3.1 (Immediate Inflation). LetIi andI ′
i be two possible

information partitions of i ∈ P. I ′
i is an immediate inflation of

Ii iff there exist I ∈ Ii and I1, I2 ∈ I ′
i such that: (i) I = I1 ∪ I2

and Ii \ {I } = I ′
i \ {I1, I2}, and (ii) ∀h1 ∈ I1,h2 ∈ I2, there exists

Ī ∈ Ii ∩ I ′
i such that (Ī ,a) ∈ Xi (h1), (Ī ,b) ∈ Xi (h2) and a , b.

Definition 3.2 (Inflation). Given a player i ∈ P, an information

partition I ′
i is called an inflation of Ii iff I ′

i is obtained by succes-

sive applications of immediate inflations to Ii .

When an inflation of Ii has no further immediate inflations, it is

called complete inflation of Ii and it is denoted by
ˇIi .

Theorem 3.3. Given Γ and an imperfect-recall player i ∈ P, the
completely inflated game Γ̌i can be computed in polynomial time in
the size of the game tree.

Intuitively, the polynomial-time algorithm has to compare the

histories associated with each pair of decision nodes in the same

information set. However, the inflation operation does not entirely

solve the representation problem, since a completely inflated game

may still have imperfect recall.

4 MULTIPLE PERSONALITY APPROACH
In this section, we describe the relationship between games with

imperfect recall and team games (see [2, 5, 20]) by introducing

the notion of personality. A team is a set of players that have the

same preferences but different information about the state of the

game. A player with imperfect recall (not absentminded) can always

be seen as a collection of hypothetical team members (personali-

ties). Farina et al. [2018a] show that the problem of computing ex
ante coordinated strategies for a team of players can be addressed

by working on an imperfect-recall meta-player. We show that the

converse is also true by building, given a valid assignment of per-

sonalities, an auxiliary game where the player with imperfect recall

is decomposed in a team of players with perfect recall.

Representation. We define a personality to be a subset of infor-

mation sets of a player such that, for each information set belonging

to it, the player does not exhibit memory losses with respect to

what he knew at past information sets of the same personality.

Definition 4.1 (Personality). Given i ∈ P with information parti-

tion Ii , a personality ˜Ik
i ⊆ Ii is a subset of information sets such

that a hypothetical player j with Ij = ˜Ik
i would have perfect recall.

We say that
˜Ii = { ˜I1

i ,
˜I2

i , . . .} is a valid personality assignment

for i ∈ P iff
˜Ii is a partition of Ii and each element of

˜Ii is a

personality of player i . In games without absentmindedness, it is

always possible to find a (trivial) valid personality assignment (i.e.,

assigning one personality ∀I ∈ Ii ). The notion of valid assignment

allows us to define an equivalent auxiliary game where a player
with imperfect recall is substituted with a team of perfect recall

players, sharing the same utility function. Definition 4.1 implies

that each new game has perfect recall. For each i ∈ P, and each

σi ∈ Σi , there exists a realization equivalent ex ante coordinated
normal-form strategy for the team

2
. In this setting, just before the

beginning of the game, a coordination device randomly draws a

joint normal-form plan from a known joint probability distribution,

and the team members act as specified in the selected plan. We can

conclude that an imperfect recall can be equivalently tackled as a

team game with perfect recall.

Minimizing the Number of Personalities. When one looks

for an approximate NE in behavioral strategies, the minimization of

the number of personalities is crucial to reduce both the inefficien-

cies and the complexity of the problem. The problem of computing

the assignment with the minimum possible cardinality is denoted

by MIN-P. It is possible to show that MIN-P is NP-hard for the

general class of imperfect-recall games, and that it remains hard

on the subclass of completely inflated games. In order to prove

these results, it is possible to provide a reduction from 3-SAT. For
a given boolean formula in conjunctive normal form, we can map

the satisfiability problem to a personality assignment problem by

embedding in a suitable tree an OR-gadget for each clause. Finally,

it can be shown that MIN-P does not admit a PTAS, unless P = NP.
Specifically, MIN-P is APX-hard, and no better approximation than

4/3 is possible in polynomial time, unless P = NP.

5 DISCUSSION
The duality between imperfect-recall games and team games raises

a number of interesting questions. First, it would be interesting to

evaluate, in a practical scenario, the impact of inflation in terms of

split information sets. Moreover, our negative results suggest that,

whenworkingwithmixed strategies, one should look for techniques

for equilibrium computation in team games that are robust with

respect to the number of team members. It would be interesting to

confirm this ideawith an experimental evaluation of state-of-the-art

techniques from the team game domain. Finally, providing scalable

algorithms to compute valid personality assignments—other than

the trivial one—is a problem we are planning to address. This could

be done, for example, through local search techniques as already

done in other areas of the algorithmic game theory field [6].

2
Some works call these strategies ex ante correlated strategies [5]. We adopt the termi-

nology introduced by Farina et al. [8]
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