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ABSTRACT
We initiate the study of cloning in multiwinner elections, focus-

ing on single-transferable vote (STV), single-nontransferable vote

(SNTV), bloc, k-Borda, t-approval-CC, and Borda-CC. Transferring

the model of cloning due to Elkind et al. [15] from single-winner to

multiwinner elections, we consider decision problems describing

possible and necessary cloning in the zero-cost, the unit-cost, and

the general-cost model and study their computational complexity.

We show that, depending on the multiwinner voting rule and on

the cost model chosen, some of these cloning problems are in P,

some are NP-hard, and some of the latter (for which, in fact, already

winner determination is NP-hard) are fixed-parameter tractable.
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1 INTRODUCTION
A common thread in computational social choice—see, e.g., the

books edited by Brandt et al. [6] and Rothe [32]—is to study how

the outcome of elections can be tampered with and how resistant

voting rules are against such attempts in terms of computational

complexity. The most thoroughly studied types of attack are ma-

nipulation (see, e.g., Conitzer and Walsh [12] and Baumeister and

Rothe [4, Section 4.3.3]), electoral control (see, e.g., Faliszewski

and Rothe [17] and Baumeister and Rothe [4, Section 4.3.4]), and

bribery (see, e.g., Faliszewski and Rothe [17] and Baumeister and

Rothe [4, Section 4.3.5]). On the other hand, relatively few papers

have studied attacks by cloning candidates (see the related work

below), and they are typically concerned with cloning in single-

winner voting rules. We initiate the study of cloning inmultiwinner

elections, where the goal is not to elect a winner but to elect a

winning committee of a certain size (see, e.g., the book chapter by

Faliszewski et al. [18]). Multiwinner elections have various applica-

tions ranging from parliament elections over short-listing possible

employees to selecting items to offer to a group of people (see Lu

and Boutilier [26], Elkind et al. [14], and Skowron et al. [34] for

more detailed descriptions of the mentioned settings). In each of

those settings, cloning candidates might be beneficial for a candi-

date to be voted into the resulting committee. For instance, in a
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parliament election the campaign manager of a party, whose can-

didates may look like clones to ignorant voters, might be inclined

to nominate a strategically chosen number of candidates for the

party. Another application of cloning in multiwinner elections are

movie recommender systems [21] in which a set of movies is rec-

ommended depending on the users’ preferences: To influence the

election result by spreading out and diminishing the support of a

particular disliked movie, one might add to the election additional,

very similar movies (e.g., other movies of the same genre or with a

similar cast or by the same director).

In social choice theory, Tideman [35] introduced the notion of

cloning and studied the independence of clones property for various

voting rules. In particular, he showed that the single-winner vari-

ant of single-transferable vote (STV) is independent of clones. In a

follow-up paper, Zavist and Tideman [36] studied independence of

clones for the ranked pairs rule and presented a variant of ranked

pairs that is even “completely independent of clones.” Schulze voting

is another widely used voting rule that is independent of clones [33].

In anonymous settings, such as the internet, voters may be tempted

and able to cast their vote twice (or more often). This was the moti-

vation for Conitzer [10] to introduce false-name manipulation as

cloning of voters instead of candidates.
1
Recently, the independence

of clones property was studied for the single-winner variant of STV

with top-truncated votes by Ayadi et al. [1].

The paper by far most closely related to our work is due to Elkind

et al. [15] (see also their follow-up paper [16]). They were the first to

study how resistant single-winner voting rules are against cloning

in terms of computational complexity. Adapting their model of

cloning to multiwinner (rather than single-winner) elections, we

consider decision problems describing possible cloning (where we

ask whether a given candidate can become a member of a winning

committee in at least one cloned multiwinner election, i.e., for at

least one ordering of the clones) and necessary cloning (where we

ask the same question for all cloned multiwinner elections, i.e., for

all orderings of the clones), where the cloning costs are specified

according to three cost models: zero cost, unit cost, and general

cost. We study these problems in terms of their computational

complexity and show that, depending on the multiwinner voting

rule and on the cost model chosen, some of these cloning problems

are in P, some are NP-hard, and some of the latter (for which, in

fact, already winner determination is NP-hard) are in FPT, i.e., they

are fixed-parameter tractable.

Organization. In Section 2, we present some background from

social choice theory and multiwinner voting rules. In Section 3, we

describe our model and define the problems to be studied in terms

of their complexity. Section 4 contains our results and Section 5 our

conclusions and some open problems.

1
False-name manipulation [2, 30] has also been studied in cooperative game theory

and the related property of duplication monotonicity [3, 24] in fair division.
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2 PRELIMINARIES
Amultiwinner election E = (C,V ,k) is defined by a set of candidates
C = {c1, . . . , cm }, a list of votes V = (v1, . . . ,vn ), and a committee

sizek . Votes are strict linear orders over the candidates and wewrite
them each as a sequence of candidates, with the voter’s preference

strictly decreasing from left to right, so the leftmost (rightmost)

candidate in a vote is most (least) preferred by this voter (e.g., if

C = {a,b, c,d}, a vote b a c d means that b is preferred to a, a to c ,
and c to d).

Given a multiwinner election (C,V ,k), a multiwinner voting

rule returns a nonempty family of size-k subsets of C , referred to

as the winning committees. Given (C,V ,k) and a fixed t ≥ 1, the

t-approval score of a candidate a ∈ C is the number of votes in which

a is ranked in the first t positions, and a’s Borda score is the total
number of points a scores in all votes of V , where a is rewarded

withm − i points whenever a is ranked in the ith position of a vote.

We consider the following multiwinner voting rules (with n
voters and committee size k):

Single transferable vote (STV): Let q = ⌊n/(k+1)⌋ + 1 be the

quota. Iteratively, if a candidate c is ranked first in at least q votes,

add c to the winning committee and remove both c and q votes

that rank c first from the multiwinner election, or else eliminate a

candidate from the multiwinner election that is ranked first in the

smallest number of votes. The iteration halts as soon as k candidates

have been selected. To break ties between candidates we will use a

predefined lexicographic tie-breaking order and ties between votes

(i.e., when a candidate is ranked first in more than q votes but only

q of those votes will be removed) are broken arbitrarily.
2

Single nontransferable vote (SNTV): Choose k candidates

with highest 1-approval score.

Bloc: Choose k candidates with highest k-approval score.
k-Borda: Choose k candidates with highest Borda score.

t-approval-CC (where CC stands for “Chamberlin–Courant”

[9]): A voter v approves a committee if v ranks a committee mem-

ber in the first t positions and disapproves it otherwise. The com-

mittee(s) with the most approvals from the voters win(s).

Borda-CC: Works similarly as t-approval-CC except that the

voters assign to each committee the Borda score of its highest

ranked member in their preferences.

Note that t-approval-CC and Borda-CC have an NP-hard winner

determination problem [26, 29], though they are in FPT if parame-

terized by the number of candidates or voters [5].

For (C,V ,k) a multiwinner election and candidates c,d ∈ C , let
score(C,V ,k )(c) denote the number of points c scores (according to

t-approval or Borda which is always clear from the context) and let

dist(C,V ,k )(c,d) = score(C,V ,k )(c) − score(C,V ,k )(d)
denote the difference between the scores of c and d in (C,V ,k). We

sometimes omit the subscript (C,V ,k) if it is clear from the context.

If S ⊆ C is a subset of the candidates,

−→
S in a vote denotes a ranking

of these candidates in an arbitrary but fixed order and

←−
S denotes

this ranking in reverse order. For example, for C = {a,b, c,d} and
S = {a,d} and assuming the lexicographic order of candidates,

c
−→
S b denotes the vote c a d b and the vote c

←−
S b denotes c d a b.

2
We cannot use “parallel-universe tie-breaking” [11] for STV since winner determina-

tion would then already be NP-hard.

3 MODEL AND PROBLEM DEFINITIONS
In this section, we will formalize how cloning is modeled for multi-

winner elections. Let E = (C,V ,k) be a multiwinner election with

C = {c1, . . . , cm } andV = (v1, . . . ,vn ). Let K = (K1, . . . ,Km ) with
Ki ≥ 0 be a vector, called a cloning vector. Intuitively, Ki means

that the candidate ci is cloned Ki times and ci is replaced by her

clones in the multiwinner election. If Ki = 0, the candidate ci is not
cloned and simply remains in the multiwinner election. Note that

Elkind et al. [15] require that every candidate is cloned at least once,

which is equivalent to our definition, but we feel it may be more

natural and convenient if one can choose not to clone a candidate.

A multiwinner election EK = (C ′,V ′,k) is created by cloning

from E via the cloning vector K if C ′ = (C \ {ci ∈ C | Ki ≥
1}) ∪ {c(j)i | 1 ≤ j ≤ Ki } and V ′ = (v ′

1
, . . . ,v ′n ) with each v ′i ∈ V

′

being a total order over C ′ that results from vi by replacing cloned

candidates in the vote vi with their clones (i.e., for each clone c ′i
of ci , it holds that c

′
i is preferred to c j ∈ C ′ in v ′i if and only if ci is

preferred to c j (or her original candidate if c j is a clone) in vi ).
Note that there can be several possible cloned multiwinner elec-

tions depending on how the clones of the same candidate are or-

dered in the votes. The goal of cloning a multiwinner election is

to make a distinguished candidate (always called p) or one of p’s
clones a member of at least one winning committee. Regarding

the ordering of clones of the same candidate in the votes, we use

an optimistic and a pessimistic approach. In the optimistic setting,

cloning via a cloning vector K is considered to be successful if the

distinguished candidate (or one of her clones) is a member of a

winning committee for at least one cloned multiwinner election

via K . In the pessimistic setting, cloning via a cloning vector K is

considered to be successful if the distinguished candidate (or one

of her clones) is a member of a winning committee in all cloned

multiwinner elections via K . Additionally, as is common in the

literature, we adopt the so-called nonunique-winner model in which

we assume a cloning action to be successful if the distinguished

candidate is part of at least one winning committee instead of all

winning committees, which would be required in the unique-winner

model. Furthermore, we consider the cost of cloning candidates.

In the general-cost (GK) model, for every candidate ci ∈ C there

is a cost function ρi : N → N with ρi (0) = ρi (1) = 0 and for

each j, j ′ ∈ N with j < j ′ it holds that ρi (j) ≤ ρi (j ′). ρi (j) is the
cost of cloning the ith candidate j times and replacing her in all

votes with her clones. There also is an integer B, called the budget.

Additionally, we study two natural special cases of the general-cost

model: The unit-cost (UC) model in which ρi (j) = j − 1 for all i and
j ≥ 1 (i.e., every additional clone costs one and there is a maximum

number of additional clones), and a special case of the unit-cost

model, the zero-cost (ZK) model, in which either the budget is set

to infinity, or ρi (j) = 0 for all i and j ≥ 1. In the latter cost model,

since the budget is not a concern in this case, we seek to find out

whether a successful cloning is even possible in the first place.

We can now define the decision problems we will consider. Let R
be a multiwinner voting rule. In the problem R-Possible-Cloning-
GC, we are given a multiwinner election E = (C,V ,k), a cost func-
tion ρi : N → N for every ci ∈ C , a distinguished candidate

p ∈ C , and a budget B, and we ask whether there is a cloning vector
K = (K1, . . . ,Km ) with

∑
ci ∈C ρi (Ki ) ≤ B such that p (or one of its
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Table 1: Overview of complexity results for various multiwinner voting rules

Possible-Cloning Necessary-Cloning

voting rule parameter ZC UC GC ZC UC GC

STV NP-hard coNP-hard

SNTV P –

Bloc NP-hard NP-hard

k-Borda P P NP-hard NP-hard

t-approval-CC
#candidates ? FPT

#voters FPT FPT

Borda-CC #voters ? ? W[1]-hard ? ? W[1]-hard

clones) is in a winning committee under R in at least one cloned

multiwinner election EK resulting from E via K .
The problem R-Necessary-Cloning-GC is defined analogously,

except that we ask whetherp ends up in a winning committee under

R for all multiwinner elections EK obtained from E by cloning viaK .
If we use the unit-cost or the zero-cost model in this definition,

we replace GC in the problem name by UC or ZC and omit the cost

functions in the problem instances, and in the case of the zero-cost

model we also omit the budget.

We assume the reader to be familiar with the basic notions

of computational complexity theory, both in the classical branch

(see, e.g., the books by Papadimitriou [28] and Rothe [31]) and

the parameterized branch (see, e.g., the books by Downey and Fel-

lows [13] and Niedermeier [27]). Since the zero-cost model is a

special case of the unit-cost model, which in turn is a special case

of the general-cost model, it holds that: R-⋆-Cloning-ZC reduces

to R-⋆-Cloning-UC, which in turn reduces to R-⋆-Cloning-GC,
where ⋆ ∈ {Possible,Necessary}.

4 RESULTS
In this section, we present our results on the complexity of cloning

in various multiwinner voting rules; see Table 1 for an overview.

Question marks in this table indicate open problems and “–” means

that influencing the outcome of a multiwinner election via this type

of cloning and under this multiwinner voting rule is impossible.

4.1 STV
We show that possible cloning with zero cost is NP-hard for STV,

even if the committee size is fixed to two.

Theorem 4.1. STV-Possible-Cloning-ZC is NP-hard, even if k =
2.

Proof. To prove this theorem, we will need the following obser-

vation and lemmas (proofs are omitted due to space constraints).

Observation 1. Cloning a candidate does not change the plurality

score of any other candidates or their clones.

Lemma 4.2. In an STV multiwinner election, the order in which

candidates (or their last standing clones) are deleted from the multi-

winner election in rounds where the quota is not reached cannot be

changed by cloning those candidates.

Lemma 4.3. In an STV multiwinner election, a candidate in a win-

ning committee that is always added last to its winning committees

can be cloned without changing the outcome of the multiwinner elec-

tion.

To show NP-hardness of STV-Possible-Cloning-ZC, we now

reduce from the well-known NP-hard problem X3C (see, e.g., Garey

and Johnson [20]) to STV-Possible-Cloning-ZC. Let (X ,S) with
X = {x1, . . . ,x3s } and S = {S1, . . . , S3s } be a given X3C instance

and assume that every xi ∈ X appears in exactly three elements

of S (that this restriction of X3C is still NP-complete was shown

by Gonzalez [22]). We also assume that s ≥ 3 is even, which can

be achieved by duplicating the instance. The set of candidates is

C = {p, c,d, e, f } ∪X ∪S ∪B, where B = {b1, . . . ,b3s } and p is the

distinguished candidate. Set the committee size to k = 2. Since we

are in the zero-cost model, the budget is set to infinity. For each

xi ∈ X , let Sxi = {Sj ∈ S | xi ∈ Sj }. We defineV to consist of the

votes shown in Table 2.

Table 2: List of votes V for the proof of Theorem 4.1

number vote for

9
s2
2
+ 49 s

2
+ 13 d e f p

1 d Si c p 1 ≤ i ≤ 3s
s
2
+ 1 Si e p 1 ≤ i ≤ 3s

s
2
+ 2 Si f p 1 ≤ i ≤ 3s

s + 5 xi Sxi c p 1 ≤ i ≤ 3s
s
2
+ 2 bi Si e p 1 ≤ i ≤ 3s

s
2
+ 2 bi Si f p 1 ≤ i ≤ 3s

4s + 8 p c

4s + 7 c p e

4s + 4 e p c

4s + 4 f p c

We will break ties according to the linear order

−→
B
−−−→
C \ B.

To complete the proof of Theorem 4.1, we will now show that

(X ,S) is a yes-instance of X3C if and only if p can be made a

winner of at least one winning committee obtained from (C,V , 2)
by cloning, i.e., we have a yes-instance of STV-Possible-Cloning-

ZC. Due to space constraints, however, we will only sketch the

proof of the implication from left to right (and will then prove the

converse direction in full detail): From left to right, suppose there is
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an exact cover S′. Clone d twice, and order them in such a way that

the s votes of the form d Si p c for every Si ∈ S′ are not removed

from the election when one clone of d is added to the winning

committee. Then, p is later added to the winning committee.

For the converse direction, assume there is no exact cover. From

Lemmas 4.2 and 4.3 we know that cloning candidates other than

d has no effect on the outcome of the multiwinner election. Note

that candidate d has s points more than needed to reach the quota

and d will not gain any additional points before p is eliminated. If

the clones of d are ordered in a way such that no clone reaches the

quota and every clone has at least 4s+9 points then the multiwinner

election proceeds as if d were not cloned and added to the winning

committee up to the point in time when p is eliminated from the

multiwinner election.

If there are clones with fewer than 4s + 9 points, they will be

eliminated before the elimination of p and transfer their points to

other clones of d . If all clones with fewer than 4s + 9 points are

eliminated and there is still no clone who reaches the quota, we

have the same situation as before where p will be eliminated. If at

some point a clone ofd reaches the quota (andp is still present in the
multiwinner election), she will be added to the winning committee

and all but up to s of her first-place votes will be removed, leaving s
votes where d was in the first position in the original multiwinner

election. Since q arbitrary first-place votes are removed if a clone of

d has more first-place votes than the quota, we can definitely “save”

some of those votes only by cloning d and assigning clones to the

top of those votes that are not added to the winning committee.

Note that if d is not cloned at all, d reaches the quota with s extra
votes. Due to arbitrary tie-breaking of votes we might still be lucky

and (at most) s votes of the form d Si c p are not removed from the

election. Then we arrive at the same situation as below.

We will now show that it does not matter which s votes are
prevented from being removed from the multiwinner election when

a clone of d reaches the quota, since p will always be eliminated

when there is no exact cover. Firstly, whenever a clone of d reaches

the quota and is added to the winning committee, all remaining

clones will be eliminated next, since they have at most s points and
all other candidates have more than s points at any time. Secondly,

saving votes of the form d e f p · · · from being removed is not

advantageous forp, since she can beat e and f onlymuch later in the

multiwinner election (as can be seen in the original election). Also,

the other votes that can be saved will give p additional points only

if c is deleted earlier than p. Notice that in the original multiwinner

election the candidates from S were eliminated immediately after

d was added to the winning committee. By saving some votes of

the form d Si c p · · · we can save up to s candidates in S from

being eliminated in the first 5s + 1 rounds; let S′ be the set of those
candidates. Instead of the candidates from S without those up to

s candidates, B and X can be eliminated earlier. Note that when

candidates from B are eliminated, they are tieing the candidates

from S′ in points but we will see soon that we want the candidates

from S′ to be eliminated as late as possible for p to have a chance

to survive longer.

Without candidates from B, the remaining candidates from S
now have more points than p. Since we cannot prevent the candi-
dates from X from being eliminated before c , those candidates will
transfer their points to either c or a candidate from S′ that is still

standing. To be precise, a candidate xi will transfer her s + 5 points
to a still-standing candidate from Sxi ∩ S′ or to c if all candidates
corresponding to members of Sxi have already been eliminated.

If c gains points during the elimination of the candidates from X ,

c will have more points than p. Therefore, p only survives the round

after the elimination of all candidates from X if for every xi there
is an Sj ∈ S′ with Sj ∈ Sxi that is still present in the multiwinner

election. Since |S′ | ≤ s and every Sj ∈ S is in exactly three subsets

Sxi , this is only possible if S′ is an exact cover, which contradicts

the assumption that there is none. ❑

Note that, by Lemma 4.2 and Lemma 4.3, influencing the result of

the multiwinner election by cloning is impossible if k = 1. This is,

in fact, not very surprising, since single-winner STV is independent

of clones [35].

The reduction above can be modified to show that constructive

control by adding candidates—see [4, 17] for its definition and an

overview of results for it—is NP-hard for STV.

Regarding STV-Necessary-Cloning-ZC, we can show that it is

coNP-hard (the proof is omitted due to space constraints). Notice

that in contrast to the Possible-Cloning variant we cannot fix k
here.

Theorem 4.4. STV-Necessary-Cloning-ZC is coNP-hard.

Proof. To show coNP-hardness of STV-Necessary-Cloning-ZC,

we now reduce from the complement of X3C to STV-Necessary-

Cloning-ZC. Let (X ,S) be a given X3C instance, where X =
{x1, . . . ,x3s } and S = {S1, . . . , S3s }. Again, assume that every

xi ∈ X appears in exactly three elements of S (recall the re-

sult by Gonzalez [22]). We also assume that s ≥ 3, which can

be achieved by duplicating the instance. The set of candidates is

C = {p, r1, r2} ∪ X ∪ S ∪ B ∪ D ∪ E ∪ F , where B = {b1, . . . ,b3s },
D = {d1, . . . ,ds }, E = {e1, . . . , e3s }, F = { f1, . . . , f3s }, and p is the

distinguished candidate. Set the committee size to k = s + 1. Since
we are in the zero-cost model, the budget is set to infinity. For each

xi ∈ X , let Sxi = {Sj ∈ S | xi ∈ Sj }. We defineV to consist of the

votes shown in Table 3.

Table 3: List of votes V for the proof of Theorem 4.4

number vote for

25s + 2 dj r1 r2 S1 p 1 ≤ j ≤ s

1 dj r1 r2 Si p 1 ≤ j ≤ s and 1 ≤ i ≤ 3s

2 Si ei p 1 ≤ i ≤ 3s

3 bi Si fi p 1 ≤ i ≤ 3s

4 xi Sxi r1 p 1 ≤ i ≤ 3s

2 p

1 r1 p

1 r2 r1 p

5 ei p 1 ≤ i ≤ 3s

4 fi p 1 ≤ i ≤ 3s

We will use the linear order

−→
X p r1 r2

−→
B
−→
S −→D −→F −→E to break ties.

It does not matter how ties are broken if more than one candidate
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reaches the quota, or which votes are removed from themultiwinner

election if a candidate scores more points than the quota.

Let us analyze the multiwinner election (C,V , s + 1)we have just
constructed. Since |V | = 54s + s(28s + 2) + 4, the quota is⌊

54s + s(28s + 2) + 4
s + 2

⌋
+ 1 = 28s +

⌊
4

s + 2

⌋
+ 1 = 28s + 1.

Each candidate dj ∈ D reaches the quota with 28s + 2 points and
is added to the winning committee, and all but one vote dj · · ·
for each dj ∈ D is removed from the multiwinner election. Since

dj is removed from each remaining vote, r1 gains s points. In the

following round, no one reaches the quota and r2 is removed from

the multiwinner election. In the next round, p and every candidate

from S are tied for the lowest score, so p is eliminated due to the

tie-breaking rule and is not part of the winning committee.

To complete the proof of Theorem 4.4, we will now show that

(X ,S) is a no-instance of X3C if and only if p can be made part of at

least one winning committee obtained from (C,V , s + 1) by cloning,
i.e., we have a yes-instance of STV-Necessary-Cloning-ZC.

From left to right, suppose there is no exact cover. We now show

that there is a cloning vector such that for every possible ordering

of clones p is part of a winning committee. Consider the cloning

vector in which every candidate fromD is cloned twice and consider

three cases on how clones of a dj ∈ D can be ordered: (1) one clone

reaches the quota and the other has a score of one, (2) one clone

reaches the quota and the other has a score of zero (i.e., the ordering

of clones is always the same for the votes where dj was in the top

position), and (3) both clones do not reach the quota. In the first

two cases, the candidate who reaches the quota will be added to the

winning committee and after all but one of her top position votes

were removed from the multiwinner election, there is now a vote

d
(2)
j r1 r2 Si p in which the other clone d

(2)
j is in the top position

and scores one point. In the third case, both clones score at least

two points and the multiwinner election continues without adding

any one of them to the winning committee. Notice that, in all three

cases, r1 and r2 do not gain points and, after all clones of candidates

from D who reach the quota were added to the winning committee,

the remaining clones have score at most one. So, r1 and r2 are

eliminated from the multiwinner election in the next two rounds

and after that all second clones of candidates from the cases (1) and

(2) as well. At some point during the following rounds, for each

dj ∈ D whose clones are ordered according to case (3), one clone

might be eliminated which would lead to the other clone reaching

the quota in the next round. From the then not removed vote of the

form dj · · · either some Si ∈ S or p gains a point. The latter would

help p reaching the quota (but it is not needed), so we assume the

worst case that some Si ∈ S gains a point and that the clones from

case (3) are eliminated or added to the winning committee now.

Therefore, as soon as r1 and r2 and all clones of candidates from D
are not part of the multiwinner election anymore, there is a subset

S′ ⊆ S with |S′ | ≤ s of candidates from S who gained at least one

and up to s points from the removed clones of candidates from D.
Then we have the following scores:

Candidate p bi ∈ B ei ∈ E fi ∈ F xi ∈ X
Score 4 3 5 4 4

Si ∈ S \ S′ Si ∈ S′
2 ≥ 3

Therefore, no one reaches the quota in the following round, so

all candidates from S \ S′ (transferring their points to candidates

from E ′ = {ei ∈ E | Si ∈ S\S′}) and B (transferring their points to

candidates from F ′ = { fi ∈ F | Si ∈ S \S′} and S′) are eliminated.

Then the scores for the remaining candidates are as follows:

Candidate p ei ∈ E ′ ei ∈ E \ E ′ fi ∈ F ′
Score 4 7 5 7

fi ∈ F \ F ′ xi ∈ X Si ∈ S′
4 4 ≥ 6

Due to the tie-breaking rule each candidate x j ∈ X is now elimi-

nated transferring each of her four points to either a candidate

from Sx j if Sx j ∩ S′ , ∅ or else to p. It follows that p does

not gain points during this round only if S′ is a cover of X , as
then, for every candidate x j ∈ X , there would be one candidate

from S′ sitting between x j and p in those four votes of the form

x j Sx j r1 p. Since |S′ | ≤ s , the cover S′ must be an exact cover,

which is not possible. Therefore, p gains at least four points from

the elimination of candidates from X . Since p now has at least eight

points and the score of candidates from F and E did not change,

all those candidates are eliminated transferring their points to p.
Note that |E ′ | = |F ′ | = |S \ S′ | ≥ 2s . Then the score of p is at least

8+ 3s(5+ 4)+ (3+ 2)|S \S′ |27s + 5|S \S′ |+ 8 ≥ 37s + 8. Therefore,
p is added to the winning committee. Due to space constraints, we

omit the proof of the direction from right to left. ❑

4.2 SNTV
By modifying a proof of Elkind et al. [15], we obtain:

Theorem 4.5. SNTV-Possible-Cloning-GC is in P.

Necessary cloning for SNTV (in any cost model) is impossible

if p is not already in a winning committee, since we can order the

clones such that one of the clones is in front of all other clones of

her original candidate in all votes. Therefore, all but one clone of a

candidate have zero points and the one clone has the same number

of points as its original candidate in the initial multiwinner election.

Therefore, if a candidate was part of a winning committee, then

one of her clones is in a winning committee as well.

4.3 Bloc Voting
For bloc voting, we have NP-hardness results both for possible

and necessary cloning in the zero-cost model. We omit the proof

for possible cloning due to space constraints and present that for

necessary cloning in detail here.

Theorem 4.6. Bloc-Possible-Cloning-ZC is NP-hard, even if k =
2.

Theorem 4.7. Bloc-Necessary-Cloning-ZC is NP-hard, even if

k = 2.

Proof. For a fixed t ≥ 2, t-approval-Necessary-Cloning-ZC
was shown to be NP-hard by Elkind et al. [15]. We will reduce

2-approval-Necessary-Cloning-ZC to Bloc-Necessary-Cloning-

ZC. Let ((C,V ),p) be an instance of 2-approval-Necessary-Cloning-
ZC. Set the committee size to k = 2. Therefore, bloc voting uses
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2-approval scores. We create an additional candidate w < C and

a set D of |V | + 1 additional dummy candidates. Next, we create

a list V ′ of |V | + 1 votes which have w in the first position and a

dummy candidate from D in the second position such that every

dummy candidate only scores one point from those new votes. The

other candidates can be ordered arbitrarily. Furthermore, the new

candidates are ordered last in all votes ofV . We show that ((C,V ),p)
is a yes-instance of 2-approval-Necessary-Cloning-ZC if and only

if ((C ∪D ∪ {w},V ∪V ′, 2),p) is a yes-instance of Bloc-Necessary-
Cloning-ZC.

From left to right, assume that ((C,V ),p) is a yes-instance of 2-
approval-Necessary-Cloning-ZC. Then we can clone candidates

fromC such thatp has the highest score in (C,V ). Note that the score
of p is larger than 1 and at most |V |. Thus we can clone candidates

fromC such that p has the second highest score in (C∪D∪{w},V ∪
V ′, 2), since the candidates from C do not gain additional points

fromV ′, all additional dummy candidates score only one point and

w scores |V |+1 points which is a higher score than p has. Therefore,

p is in a winning committee of (C ∪ D ∪ {w},V ∪V ′, 2).
For the converse direction, assume that ((C,V ),p) is a no-instance

of 2-approval-Necessary-Cloning-ZC. Then, whichever candi-

dates of C we clone, p is never a winner of (C,V ), which means

that there is a candidate with a higher score than p. Therefore, p
is always behind one candidate of C in (C ∪ D ∪ {w},V ∪V ′, 2) as
well, since cloning w or dummy candidates does not change the

allocation of points in V and no candidate of C gains additional

points from the votes in V ′. If p has the second-highest score of

all candidates in C , it could still reach a winning committee if we

could reduce the score ofw by cloning her, but this is not possible

since the voters of V ′ could order the clones of w such that one

clone scores |V ′ | = |V | + 1 points, which is a higher score than any

candidate inC can have. It follows that p cannot be in any winning

committee of (C ∪D ∪ {w},V ∪V ′, 2) if the order of clones cannot
be controlled. ❑

4.4 k-Borda
Elkind et al. [15] proved that k-Borda-Possible-Cloning-GC is NP-

hard for the single-winner version. This lower bound immediately

transfers to themultiwinner variant of the problem.When restricted

to unit costs, we can show that it is easy to solve (the proof is omitted

due to space constraints).

Theorem 4.8. k-Borda-Possible-Cloning-UC is in P.

On the other hand, in the zero-cost model the problem becomes

NP-hard for k-Borda, even for size-1 committees.

Theorem 4.9. k-Borda-Necessary-Cloning-ZC is NP-hard, even

if k = 1.

Proof. We prove NP-hardness by reducing X3C to 1-Borda-

Necessary-Cloning-ZC.

Given an X3C instance (X ,S) with X = {x1, . . . ,x3s } and S =
{S1, . . . , S3s } (again, we assume that every xi ∈ X appears in ex-

actly three elements of S), the candidate set isC = {p,a,d}∪X ∪S
and V is defined to consist of the following votes:

(1) 7s + 1 times a vote a p
−→
X S d and a vote

←−
X a p S d .

(2) A vote

−→
X p S a d and a vote

←−
X p S a d .

(3) For every Si ∈ S and for every x j ∈ Si , there is a vote

x j Si a p
−−−−−−−→
X \ {x j } S \ {Si } d and a vote x j Si a p

←−−−−−−−
X \ {x j } S \

{Si } d .
We also need some voters to control the point balances between

p and every xi ∈ X and between p and a:

(4) 13 times a vote a p
−→
X S d and a vote p a

←−
X S d .

(5) 9s times a vote

−→
X a p S d and a vote

←−
X p a S d .

(6) For every x j ∈ X , there are 2s + 4 times a vote

←−−−−−−−
X \ {x j } a p xi d S and a vote xi d p a

−−−−−−−→
X \ {x j } S.

(7) 8 times a vote

−→
X p a S d and a vote p

←−
X a S d .

(8) 16 times a vote

−→
X p a S d and a vote a d p

←−
X S.

We have the following point balances between p and the others:

dist(C,V ,1)(p,a) = −(14s + 2) + (6s + 2) − 18s + 24s
= −26s + 24s = −2s,

dist(C,V ,1)(p,xi ) = −(7s + 1) − (3s + 1) − 18 + 3s(9s − 3)
−(9s − 13)(3s + 2) − (2s + 4) = 2,

dist(C,V ,1)(p, Si ) > 6, and dist(C,V ,1)(p,d) > 0.

Lemma 4.10. In the constructed election, if a candidate fromC \ S
is cloned more than once, p or all clones of p lose the election.

Lemma 4.11. In the constructed election, cloning a candidate Si ∈
S twice changes the point balances betweenp and the other candidates
in the following way:

(1) p loses at most 6 points on both clones of Si ,
(2) p gains 2 points on a,
(3) p loses 2 points on each x j ∈ Si ,
(4) p does not gain or lose points on any x j ∈ X \ Si ,
(5) p gains points on d , and
(6) p never loses points on candidates in S \ {Si }.

The proofs of Lemmas 4.10 and 4.11 are omitted due to space

constraints. Equipped with these two lemmas, we now show that

(X ,S) is a yes-instance of X3C if and only if (C,V ) is a yes-instance
of 1-Borda-Necessary-Cloning-ZC.

From left to right, suppose there is an exact cover S′. Clone
every Si ∈ S′ twice (i.e., the original candidate Si is substituted by

a clone and there is an additional clone of Si ). From Lemma 4.11 and

the point balances in the original election it follows that p is now

tieing a and every xi ∈ X in points and beats every other candidate.

Therefore, p is a winner of the election.

From right to left, suppose we canmakep awinner of the election
by cloning candidates. From Lemma 4.10 it follows that we must

clone candidates fromS to makep not lose the election immediately.

Adding an additional clone of any Si ∈ S to the election improves

p’s point balance with a by 2 points and worsens p’s point balance
with all x j ∈ Si by 2 points. Considering the point balances before

cloning any candidates, it follows that we may only clone each

Si ∈ S at most twice (which means adding an additional clone

of Si ∈ S to the election), as otherwise p would be beaten by all

x j ∈ Si . Furthermore, we need to add at least k additional clones of

candidates from S for p to at least tie a. Therefore, there exists an
exact cover of X in S. ❑
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Since 1-Borda is equivalent to the single-winner variant of k-
Borda we also showed that Necessary-Cloning-ZC is NP-hard for

single-winner Borda. The complexity of this problem was left open

by Elkind et al. [15].

4.5 t-approval-CC
As winner determination for CC multiwinner voting rules is NP-

hard, all considered problems are triviallyNP-hard for those rules as

well. We will now show, however, that t-approval-CC-Necessary-
Cloning-GC is fixed-parameter tractable when parameterized by

the number of either candidates or voters. The following lemma

(the proof of which is omitted due to space constraints) will be

helpful in the proofs of Theorems 4.13 and 4.14, the former of

which is presented here while the latter is again omitted due to

space constraints.

Lemma 4.12. Given a multiwinner election (C,V ,k) and a candi-
date p ∈ C , if we can make p be a member of a winning committee

under t-approval-CC and for all possible orderings of clones, we can

do so by cloning candidates up to t times.

Theorem 4.13. For a fixed t ≥ 2, t-approval-CC-Necessary-
Cloning-GC is in FPT when parameterized by the number of candi-

dates.

Proof. Adapting the FPT-algorithm by Bredereck et al. [8] for

t-approval-CC-Shift Bribery and using Lemma 4.12 we obtain

an FPT-algorithm that solves the problem. Given an instance of

t-approval-CC-Necessary-Cloning-GC withm candidates and n
voters, iterate over all possible cloning vectors (K1, . . . ,Km ) with
Ki ≤ t for all 1 ≤ i ≤ m that are feasible within the budget B. For
each such cloning vector, iterate over all committeesW in a cloned

multiwinner election via K that preclude p or any clone of p. For
each combination of cloning vector K and committeeW , solve the

following integer linear program (ILP). Letm′ ≤ mt be the number

of candidates in a cloned multiwinner election via K . There arem!

different types of votes in the original multiwinner election and

m′! different types of votes in any cloned multiwinner election

via K . We order them arbitrarily and associate with each i ∈ [m!]
and each j ∈ [m′!] the ith and jth vote type of the original and

cloned multiwinner election, where [a] is the set of integers less
than or equal to an integer a. We then create an integer variable

Si, j for each pair of vote types. Si, j represents the number of votes

that had type i in the original multiwinner election and then have

type j in the cloned multiwinner election after all partial votes

were extended to complete votes. With ni being the number of

votes of type i in the original multiwinner election, we create the

constraint

∑
j ∈[m′!] Si, j = ni for every i ∈ [m!] to ensure that

the number of votes stays the same in the cloned election. Next,

we introduce a constraint

∑
i ∈[m!], j ∈[m′!] Si, j · feas(i, j) = 0 that

ensures that it is possible to transform a vote of type i in the original
multiwinner election to a vote of type j in the cloned multiwinner

election. Here, we use a boolean variable feas(i, j), which is zero

if a vote of type i ∈ [m!] can be transformed to a vote of type

j ∈ [m′], and is one otherwise. We now create integer variables

Nj for each j ∈ [m′!] which describe the number of votes of type

j in the cloned multiwinner election:

∑
i ∈[m!] Si, j = Nj . Then we

have to make sure that the committee W beats all committees

that contain p or clones of p. For a committee C ′ and vote type

i in the cloned multiwinner election, denote by ω(i,C ′) the score
that a vote of type i assigns to the committee C ′. Then, for each
committeeW ′ containing p or clones of p, we create the constraint:∑
i ∈[m′!] ω(i,W ) · Ni >

∑
i ∈[m′!] ω(i,W ′) · Ni .

The ILP tells us if there is any ordering of clones such thatW
beats every committee containing p or clones of p. If the ILP is

not solvable for every committeeW , there is a cloning vector such

that in every cloned multiwinner election via this cloning vector

there always is a committee containing p or a clone of p among the

winning committees for all orderings of clones, so output accept.

If all cloning vectors have been iterated over and there always is

some ordering of clones such that a committee not containing p
or clones of p beats all committees containing p or clones of p in a

cloned multiwinner election, output reject. Due to Lemma 4.12 we

only need to check cloning vectors in which every component is at

most t . Additionally, feas(i, j) and ω(i,C ′) can be precomputed in

FPT before the ILP is solved.

Regarding the runtime, the ILP will be called at most tm · 2mt

times and can be solved in FPT due to the famous result by Lenstra

Jr. [25] (which was improved by Kannan [23] and by Fredman and

Tarjan [19]) that ILPs can be solved in FPT with respect to the

number of integer variables as the parameter. ❑

Theorem 4.14. For a fixed t ≥ 2, t-approval-CC-Necessary-
Cloning-GC is in FPT when parameterized by the number of voters.

Next, we turn to t-approval-CC-Possible-Cloning-GC. We can-

not use Lemma 4.12 for this problem, as it may be necessary to

clone a candidate more than t times, since the order of clones may

be chosen freely.

Example 4.15. Let t = 1 (i.e., we consider 1-approval-CC), C =
{p, c1, c2} and V consist of the following voters:

• one vote p · · · ,
• n1 votes c1 · · · for some n1 > 1, and

• n2 votes c2 · · · for some n2 > 1.

If k = 2, we can make p be part of a winning committee only by

cloning c1 at least n1 > t times or c2 at least n2 > t times and

by assigning a different clone of c1 (respectively of c2) to the top

position of each of her first-ranked votes.

However, with the notion of relevant candidates we can show

that the problem is in FPT when it is parameterized by the number

of voters. The proof of Theorem 4.16 is omitted here due to space

constraints.

Theorem 4.16. For a fixed t ≥ 2, t-approval-CC-Possible-Clo-
ning-GC is in FPT when parameterized by the number of voters.

4.6 Borda-CC
We will show that Borda-CC-Possible-Cloning-GC isW [1]-hard
even for committees of size k = 1 (in which case Borda-CC is just

single-winner Borda) when parameterized by the number of voters.

Theorem 4.17. Borda-CC-Possible-Cloning-GC isW [1]-hard
when parameterized by the number of voters, even if the committee

size is one and there are only two different values of costs.
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Proof. We proveW [1]-hardness by providing a parameterized

reduction from the problem Multicolored-Independent-Set:

Given an undirected graph G = (V (G),E(G)), an integer f , and
a partition of V (G) into f setsW1, . . . ,Wf , does there exist an in-

dependent set X ⊆ V (G) (i.e., the induced subgraph of G restricted

to X has no edges) that contains exactly one vertex of every setWi ,

1 ≤ i ≤ f ?Multicolored-Independent-Set isW [1]-hard when

parameterized by the number of colors [13].

Let (G, f , (W1, . . . ,Wf )) be a Multicolored-Independent-Set

instance. We may assume that the number of vertices for each color

is the same (so |V (G)| = ℓ · f for some ℓ ≥ 1) and that there are no

edges between vertices with the same color. For v ∈ V (G), denote
by E(v) the set of edges incident to v and by d(v) the degree of v .
For each color i , 1 ≤ i ≤ f , denote by δ (i) the sum of degrees of

vertices with color i , and let ∆ =
∑
1≤i≤f δ (i).

From (G, f , (W1, . . . ,Wf )) we will now construct a Borda-CC-

Possible-Cloning-GC instance. Let C = {p} ∪V (G) ∪ E(G) ∪ H ∪
D1∪D2 withH = {h1, . . . ,hf } andD1 andD2 being sets of dummy

candidates whose sizes we will define later. For a color i , 1 ≤ i ≤ f ,

letWi = {v(i)
1
, . . . ,v

(i)
ℓ
} and for a subset X ⊆ V (G), let G \ X be

the graph G without vertices (and incident edges) of X . Define V
to consist of these votes:

(1) For every color i , with 1 ≤ i ≤ f , there are two votes:

p hi
−−−−−→
E(v (i )

1
)v (i )

1
· · ·
−−−−−→
E(v (i )

ℓ
)v (i )

ℓ

−−−−−−−−−→
E(G \Wi )

−−−−−−−−−→
V (G) \Wi

−−−−−−−−→
H \ {hi }D2 D1,

p hi
←−−−−−
E(v (i )

ℓ
)v (i )

ℓ
· · ·
←−−−−−
E(v (i )

1
)v (i )

1

←−−−−−−−−−
E(G \Wi )

←−−−−−−−−−
V (G) \Wi

←−−−−−−−−
H \ {hi }D2 D1 .

(2) Two votes: p
−→
H
−→
D2

−−−→
E(G)−→D1

−−−−→
V (G) and

←−−−
E(G)←−D1

←−
H
←−
D2 p

←−−−−
V (G).

To determine the number of dummy candidates needed, let us

consider the point balances between p and candidates hi ∈ H and

ej ∈ E(G) from the votes in the first group:

dist(p,hi ) = 2 + (f − 1)(2(E(G) +V (G)) + f + 2),
dist(p, ej ) = 4 + 2(ℓ − 1) + (f − 2)(2ℓ + E(G) + 3) + ∆.

Then we setD2 to contain dist(p,hi )+2(f −1) candidates andD1

to contain dist(p, ej )+ 2(f − 2)+ 1 candidates. Let B = f . Regarding
the price functions, for every v ∈ V (G) let the cost of cloning v
twice be one and cloning her more than twice be B + 1. Then let

the cost of cloning any other candidate more than once be B + 1.
Finally, let k = 1. It is easy to see that we will only need to worry

about the scores of p, of candidates from H , and of candidates E(G),
since p beats all other candidates even if candidates from V (G)
are cloned. For hi ∈ H and ej ∈ E(G), p is trailing behind hi with
2(f − 1) points and behind ej with 2(f − 2)+ 1 points. We will now

show that (G, f , (W1, . . . ,Wf )) is a yes-instance of Multicolored-

Independent-Set if and only if the above constructed instance of

Borda-CC-Possible-Cloning-GC is a yes-instance.

From left to right, suppose there is multicolored independent set

X ⊆ V (G). Clone every v ∈ X twice (i.e., the original candidate v
is substituted by a clone and there is an additional clone of v). Let i
be the color of a v ∈ X (i.e., v ∈Wi ). From the additional clone of v
the candidate p gains two points on every candidate H \ {hi }. Since
|V ′ | = h and each candidate in X has a different color p is now tied

with every candidate in H . Since the vertex candidates cloned are

an independent set for each e = {v,v ′}, at least one of v and v ′

(say v) was not cloned. If v is of color i then there is another vertex

candidate of color i that was cloned (since X contains a vertex of

every color), so p gained one point on e , and from the cloned vertex

candidates that were not of the colors ofv andv ′ candidatep gained
2(f − 2) points, so p at least ties e . Therefore, p now ties or beats

all candidates from H and E(G) and wins the multiwinner election.

From right to left, suppose there is no multicolored independent

set. We can clone at most f vertex candidates twice. They must be

of different colors each and we need to clone f vertex candidates

or else p cannot beat all candidates from H . Let us analyze how a

cloned vertex candidate v ∈ V (G) with color i affects the points
balance between p and the edge candidates in E(G): (1) p gains zero

points on edge candidates in E(v), (2) p gains one point on edge

candidates who were incident to vertices ofWi \ {v} inG , and (3) p
gains two points on all other edge candidates.

Since there is no multicolored independent set of size f , in each

X ⊆ V (G) with |X | = f and each v ∈ X having a different color,

there must be v,v ′ ∈ X such that e = {v,v ′} ∈ E(G). Assume the

candidates in X were cloned twice. Since v and v ′ were cloned and

no other candidate with the colors of v and v ′ were cloned, p could

not gain any points on e from the cloning of v and v ′. Although
p gains 2(f − 2) points on e from the cloning of candidates X \
{v,v ′}, e still beatsp by one point. So,p cannot win themultiwinner

election. ❑

Since in the reduction above the ordering of clones did not matter,

the following holds as well.

Corollary 4.18. Borda-CC-Necessary-Cloning-GC isW [1]-hard
when parameterized by the number of voters, even if k = 1.

5 CONCLUSIONS AND OPEN PROBLEMS
We have initiated the study of cloning in various well-known multi-

winner elections. Our complexity results are summarized in Table 1.

They imply that cloning is intractable in general and is tractable

only for simple multiwinner voting rules (SNTV) or a few restricted

cases (e.g., k-Borda-Possible-Cloning-ZC/UC). Studying the pa-
rameterized complexity of the related problems might be fruitful

since cloning formore involved voting rules (such as t-approval-CC)
can be fixed-parameter tractable, even though that is not necessarily

so (e.g., not for Borda-CC).

There are a number of interesting open problems. Specifically,

the parameterized complexity of possible cloning in t-approval-CC
for #candidates (rather than #voters) remains open in all cost models,

and so does that of possible and necessary cloning in Borda-CC in

the zero-cost and unit-cost models for #voters and in all cost models

for #candidates. Of course, there are manymore multiwinner voting

rules than those studied here (see the book chapter by Faliszewski

et al. [18] for an overview), and we propose to extend to them the

study initiated here.

Further possible research directions are to study additional cost

models such as all-or-nothing cost-functions, as was done by Bred-

ereck et al. [7] for Shift-Bribery, and to further explore the pa-

rameterized complexity for problems that are NP-hard.
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