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ABSTRACT
The classical ‘buy or rent’ ski-rental problem was recently consid-

ered in the setting wheremultiple experts (such asMachine learning

algorithms) advice on the length of the ski season. Here, robust

algorithms were developed with improved theoretical performance

over adversarial scenarios where such expert predictions were un-

available. We consider a variant of this problem which we call the

‘sequential ski-rental’ problem. Here, a sequence of ski-rental prob-

lems has to be solved in an online fashion where both the buy cost

and the length of ski season are unknown to the learner. The learner

has access to two sets of experts, one set who advise on the true

cost of buying the ski and another set who advise on the length of

the ski season. Under certain stochastic assumptions on the experts

who predict the buy costs, we develop online algorithms and prove

regret bounds for the same. Our experimental evaluations confirm

our theoretical results.
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1 INTRODUCTION
The classic buy or rent ski-rental problem is the following: Given

a buy cost 𝑏 for the ski gear, one needs to make a decision on

each day whether to rent the ski for a cost of 1 unit or end the

sequence of decisions by buying the ski for a cost of 𝑏 units. The

challenging part of the problem is that one does not have apriori

knowledge of how long the ski season would last. The ski-rental

problem has found several practical applications including TCP

acknowledgement, time scheduling, etc. In the basic version of the

problem, a strategy achieving a competitive ratio of 2 is to rent

for 𝑏 days (if the ski season lasts) and buy thereafter. A recent line

of work tries to consider the same problem when certain expert

advice (potentially machine learning predictions) is available about

the length of the ski season. In this scenario, it was shown recently

that one can do better when the predictions are within reasonable

deviations from the truth. While current work in this area( [21], [8])

propose algorithms that require a truthful environment parameter

(buy cost), our main contribution is in the case the environment

parameter is predicted by a set of experts.

In this work we introduce a variant of the problem which we

term the sequential ski rental problem. Here, the ski season proceeds
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in a sequence of rounds and in each round, the player has to come

up with a strategy to buy/rent a perishable item every day of that

season. The item if bought lasts only for that season and becomes

unavailable the following seasons. In addition to the unavailability

of the length of the season, the player also has to make an early
rent/buy decision before the buy cost is revealed. The problem thus

has two levels of uncertainty, in the ski-length and the buy costs

respectively.

At first glance, such a problem might seem hopeless to solve

as there is no input parameter for the algorithm to work with

(i.e., neither the buying price nor the length of the ski season).

To tackle this, we consider two types of advice as being available

to the player - one on the length of the ski season and other on

the buy cost. Both of these could come from potential machine

learning prediction models or from certain noisy inputs. In this

novel setting, we develop online learning algorithms which have

good performance with respect to the worst case bounds. Our

algorithm relies on a combination of the stochastic Hedge algorithm

and the algorithm for ski-rental problem with expert advice. Our

main contributions are as follows

• We introduce the Sequential ski rental problem with two

sets of expert advice

• We develop novel algorithms with performance guarantees

• We demonstrate the efficacy of the algorithm on experi-

ments.

Our work can be applied to various real world settings an ex-

ample of which is the following. Consider a customer on an online

retail site, looking to purchase different products in a sequential

fashion. For each item she desires, she needs to make a decision

on whether to buy or rent the product. The way she decides her

strategy is based on a set of experts who are given as input a buy

cost and output a rent-buy strategy. The online retail site has a

fixed purchase price for each product. However, the customer will

need to pay an additional overhead cost which is unknown apriori.

A main source of this overhead cost could be delivery charges (or

more abstract costs involving time delays in delivery etc). This exact

overhead cost is not clear to the customer at the time of deciding

her strategy and she only has access to an estimate of this cost. The

problem then is how well the customer performs when she is given

the estimated cost at the time of deciding her strategy as compared

to what she would have done had she been given the exact overall

cost to decide her strategy. Clearly since the customer can purchase

different items, the buy cost varies.

2 RELATEDWORK
Our work is closely related to [8] and [21]. We utilize the concepts

of robustness and consistency introduced in [15], who utilized pre-

dictions for the online caching problem . [8] consider the setting in
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which multiple experts provide a prediction to the ski-rental prob-

lem. They obtain tight bounds for their settings thereby showing

the optimal robustness and consistency ratios in the multi-expert

setting. However their algorithm depends on the fact that the error

in the buy cost is zero, in contrast to our setting where, as men-

tioned above, we consider that the buy-cost given to the experts

may not be true as they are forced to make an early decision.

For the ski-rental problem, [21] utilize predictions from a single

expert to improve on the lower bound of
𝑒

𝑒−1 , shown to be optimal

by [10]. [21] design a robust, consistent deterministic and random-

ized algorithmwhich performs optimally for a zero error prediction,

while at the same time matches the optimal lower bound in the case

the prediction has infinite error. As was the case in [8], their algo-

rithm depends on the fact that the buy cost is without error. Even

for a small perturbation in the buy-cost, the expected algorithmic

cost suffered is different. As a part of our online learning subroutine,

we propose an algorithm which is robust to small perturbations in

the environment parameters, the environment parameter being the

buy-cost for the ski-rental problem.

Recent work in online algorithms with machine learned predic-

tions extend to numerous applications such as online scheduling

with machine learned advice ([12], [22], [9]) or to the reserve price

revenue optimization problem which utilizes predictions of the bids

by bounding the gap between the expected bid and the revenue in

terms of the average loss of the predictor ([19]).

Our work tackles the problem of uncertainty by utilizing the

online learning model. Specifically, we have two sets of experts

where the loss value of one set comes from a stochastic distribu-

tion. Well studied models to tackle this uncertainty include that of

robust optimization ([20]) which gives good guarantees for poten-

tial realizations of the inputs. Another model is that of stochastic

optimization ([2], [17], [16]) where the input comes from a known

distribution. Our work utilizes the multiplicative weight update

([13]), also known as the Constant Hedge algorithm, as our learning

algorithm for one set of experts. We utilize the Decreasing Hedge al-

gorithm ([1]) to update the weights of another set of experts whose

losses come from a stochastic distribution. Considering this easier

setting for learning, ([14], [3], [7], [24], [11], [23], [18]) tackle this

by designing algorithms that rely on data dependent tuning of the

learning rate or better strategies and give theoretical results on the

regret bounds in these settings.

An interpretation of our work is to the classic online learning

set-up given in a survey by [25]. Instead of each hypothesis receiv-

ing the true environment parameter, based on which they make a

recommendation to the learner, they receive an unbiased sample

with some noise. Something similar has been studied in the area

of differential privacy ([5]) , where certain privacy guarantees are

shown if one of the loss vectors in the loss sequence changes. Our

model essentially boils down to the scenario where the initial se-

quence of loss vectors are different but over time they converge to

the true loss sequence. We do not show an privacy guarantees but

show that our model is a no-regret model.

3 PRELIMINARIES
We consider the online learning model to the ski-rental problem.

Ski-Rental Problem : In the ski-rental problem, an example of

a large class rent-or-buy problem, a skier wants to ski and needs

to make a decision whether to buy the skis for a cost of 𝑏 units

or rent the skis for a cost of 1 unit per day. The length of the ski

season 𝑥 is not known. Trivially, if the ski season lasted more than

𝑏 days and the skier knew this beforehand, she would buy them at

day 1, otherwise she would rent them for all days. The minimum

cost that can be suffered is 𝑂𝑃𝑇 = min{𝑏, 𝑥}. For this problem, the

best a deterministic algorithm can do is obtain a competitive ratio

of 2, while [10] designed a randomized algorithm which obtains a

competitive ratio of
𝑒

𝑒−1 which is optimal.

Robustness andConsistency :We utilize the notions of robust-

ness and consistency which are defined when online algorithms

utilize machine learned predictions. In online algorithms, the ratio

of the algorithmic cost(𝐴𝐿𝐺) to the optimal offline cost(𝑂𝑃𝑇 ) is

defined as the competitive ratio. While utilizing predictions, such a

ratio would be a function of the accuracy [ of the predictor. Note

that the algorithm has no knowledge about the quality of the pre-

dictor. An algorithm is 𝛼- robust if
𝐴𝐿𝐺 ([)
𝑂𝑃𝑇

≤ 𝛼 for all [ and is

𝛽-consistent if
𝐴𝐿𝐺 (0)
𝑂𝑃𝑇

≤ 𝛽 . The goal is to use the predictions in

such a way that if the predictions are true, the algorithm performs

close to the offline optimal and even if the prediction is very bad,

it performs close to the original online setting without any predic-

tions.

Hedge Algorithm for the expert advice problem : In the

classic learning from expert advice setting, also known as decision-

theoretic online learning ([6]), the learner maintains a set of weights

over the experts and updates these weights according to the losses

suffered by the experts. These losses could potentially be chosen in

an adversarial manner. Specifically, the learner has weights 𝜶 𝒕 =

(𝛼𝑡
𝑖
)1≤𝑖≤𝑀 over 𝑀 experts at time 𝑡 . The environment chooses a

bounded, potentially adversarial, loss vector 𝒍𝒕 over these experts
at time 𝑡 . The loss suffered by the learner is (𝜶 𝒕 )𝑇 𝒍𝒕 . The goal of
the learner is to compete against the expert with the minimum

cumulative loss, i.e to minimize the regret which is defined as

𝑅𝑇 =

𝑇∑
𝑡=1

(𝜶 𝒕
)
𝑇 𝒍𝒕 − min

𝑖∈[𝑀 ]

𝑇∑
𝑡=1

𝑙𝑡𝑖

where 𝑇 denotes the number of instances for which this game

is played between the learner and the environment. We say that

an algorithm is a no-regret learning algorithm if the regret is sub-

linear in 𝑇 .The multiplicative weights algorithm([13]) updates the

weights optimally as

𝛼𝑡𝑖 =
𝑒−[𝑡

∑𝑡′=𝑡−1
𝑡′=1 𝑙𝑡

′
𝑖∑𝑀

𝑖=1 𝑒
−[𝑡

∑𝑡′=𝑡−1
𝑡′=1 𝑙𝑡

′
𝑖

where [𝑡 is the learning rate. The learning rate could be con-

stant or dependent on 𝑡 . The Decrease Hedge algorithm([1]) has a

learning rate [𝑡 ∝ 1/
√
𝑡 while the Constant Hedge algorithm([13]),

given a 𝑇 ≥ 1, has a learning rate [𝑡 ∝ 1/
√
𝑇 . The standard regret

bound for the hedge algorithm (eg : [4]) is sub-linear in 𝑇 .

We look at the learning from expert advice problem from a dif-

ferent lens. At each stage 𝑡 , there exists an environment parameter

e𝑡 based on which the experts give their recommendation. This can

be the output of some machine learned model which each of the𝑀
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experts have, denoted by (ℎ𝑖 (e𝑡 ))1≤𝑖≤𝑀 . A more general view of

the problem we tackle in this paper is what happens in the case the

experts have access to some estimate êt ≠ e𝑡 such that E[êt] = e𝑡 .
The constraint we use on this setting is that the variance of the

estimator
ˆe𝑡 becomes small as 𝑡 becomes large.

Stochastic Setting : When the losses are realizations of some

unknown random process, we consider it as the stochastic set-

ting. Our work considers the standard i.i.d case where the loss

vectors are 𝒍1, 𝒍2, . . . , 𝒍𝒕 which are i.i.d. Note that there need not

be independence across experts. We define the sub-optimality gap

as Δ = min𝑖≠𝑖∗ E[𝑙𝑡𝑖 − 𝑙𝑡
𝑖∗ ] where 𝑖∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑖E[𝑙𝑡𝑖 ]. A natural

extension is whether the hedge algorithm obtains a better regret

guarantee in the nicer stochastic setting. [18] show that for the

Decreasing Hedge algorithm, a better regret bound in terms of the

sub-optimality gap Δ can be obtained while also showing that for

the Constant Hedge algorithm the

√
𝑇 log𝑀 regret bound is the

best possible. A part of our setting is inspired by [18] as we have a

set of experts whose loss comes from a stochastic distribution.

4 PROBLEM SETTING
In the ski-rental setting, the rental costs are 1-unit per day, 𝑏 is

the buy cost, 𝑥 is the true number of ski days which is unknown

to the algorithm and 𝑦 is the predicted number of ski days. We

use [ = |𝑦 − 𝑥 | to denote the prediction error. No assumptions are

made on how the length of the ski season is predicted. Note that

the optimal strategy in hindsight will give us an optimal cost of

𝑂𝑃𝑇 = min{𝑏, 𝑥}.

4.1 Sequential Ski Rental Setup
Our learning model has two sets of experts, one set predicting the

environment parameters i.e the buy cost of the skis. Let there be𝑚

such experts. We will call them as buy-experts from now on. The

other set of experts are those that are giving advice to the learner

on what strategy to follow based on their prediction of the number

of ski-days. They utilize the prediction of the buy-experts to decide

their strategy. Let these experts be 𝑛 in number. We will call them

as ski-experts from now on.

We are running multiple ski-rental instances over the time hori-

zon 𝑇 . For each 𝑡 ∈ [𝑇 ], we denote the ground truth buy cost as

𝑏𝑡 and the ground truth ski-days as 𝑥𝑡 . The ski experts only make

a prediction on 𝑥𝑡 ,denoted by 𝒚𝑡 = (𝑦𝑡
𝑖
)1≤𝑖≤𝑛 ,and suggest a strat-

egy to the learner based on the predicted value of the buy experts,

which we denote by 𝑏𝑡𝑠 . The way a ski-expert utilizes its prediction

𝑦𝑡
𝑖
to suggest a strategy is based on a randomized algorithm, which

at a high level suggests to buy very late if 𝑦𝑡
𝑖
≤ 𝑏𝑡𝑠 or suggests to

buy early if 𝑦𝑡
𝑖
> 𝑏𝑡𝑠 .

4.2 Buy Expert Predictions
The ground truth buy cost at time 𝑡 is 𝑏𝑡 ∈ N .In our model, we

consider that each buy cost prediction comes from a stochastic

distribution with mean equal to the ground truth buy cost and

a certain variance which corresponds to the quality of that buy

expert. Let the variance of the best buy expert be 𝛾𝑖∗ . We define the

sub-optimality gap for buy expert 𝑖 ≠ 𝑖∗ in terms of the variance as

Δ𝑖 = 𝛾𝑖 − 𝛾𝑖∗ where 𝛾𝑖 corresponds to the variance of the 𝑖𝑡ℎ buy

expert. Let the vector of these predictions be 𝒂𝒕 = (𝑎𝑡
𝑖
)1≤𝑖≤𝑚 . In

our setting,

𝒂𝑡 = 𝑏𝑡
⃗⃗
1+𝝐 𝒕𝒃

where 𝝐 𝒕
𝒃
has zero mean and its covariance matrix is a diagonal

matrix. 𝝐 𝒕
𝒃
∈ [−1, 1]𝑚 . The algorithm maintains a weight vector

𝜶 𝑡
over the buy experts corresponding to it’s confidence over that

particular expert. We use the Decreasing Hedge algorithm to update

these weights, where the loss function is the squared error loss

𝛼𝑡𝑖 =
𝑒−[𝑡

∑𝑡′=𝑡−1
𝑡′=1 (𝑎

𝑡′
𝑖
−𝑏𝑡′ )2∑𝑀

𝑖=1 𝑒
−[𝑡

∑𝑡′=𝑡−1
𝑡′=1 (𝑎

𝑡′
𝑖
−𝑏𝑡′ )2

The ski-experts are given the buy cost prediction 𝑏𝑡𝑠 on which

they base their strategy

𝑏𝑡𝑠 = (𝒂𝒕 )𝑇𝜶 𝒕

In expectation, the prediction given to the ski-experts is equal

to the ground truth value.

4.3 Ski Expert Predictions
The ski-experts suggest a strategy to the learner and suffer some

loss for the same. They make a prediction on the number of ski days

and then suggest a strategy to the learner utilizing the predicted

buy cost 𝑏𝑡𝑠 . While we do make an assumption on the prediction

distribution, specifically that it is unbiased, of the buy experts, we

make no assumption on how the ski expert predictions are obtained.

The learner maintains a set of weights 𝜷 𝒕
over these experts which

are updated using the Constant Hedge algorithm. The loss suffered

by the 𝑗𝑡ℎ ski-expert at time 𝑡 is denoted by 𝑙𝑡
𝑗
(𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦𝑡𝑗 ). We

denote the loss vector suffered by these experts as 𝒍𝑡 (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 ,𝒚𝑡 ).

4.4 Regret
Our learning setup is as follows. At each 𝑡 ∈ [𝑇 ] the learner chooses
a strategy recommended by a ski-expert by sampling from the

distribution 𝜷𝑡 over these experts and suffers an expected loss.

The ski-experts are in turn basing their strategy on a prediction

of the buy cost from the buy-experts. At a time 𝑡 , the loss suffered

by the 𝑗𝑡ℎ ski-expert depends on the ground truth values and the

predictions it receives and is hence denoted by 𝑙𝑡
𝑗
(𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦𝑡𝑗 ).

The goal of the learner is to compete against the best expert in

the case the experts are given the true environment parameters,

that being the buy cost in our case. This lends to the expected regret

definition which we wish to minimize

𝑅𝑇 =

𝑇∑
𝑡=1

(𝜷 𝒕 )𝑇 𝒍𝑡 (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 ,𝒚𝒕 ) −min

𝑗

𝑇∑
𝑡=1

𝑙𝑡𝑗 (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡 , 𝑦𝑡𝑗 )

5 ALGORITHM
We introduce the subroutine used by the ski-experts to compute

a strategy, which we call the CostRobust Randomized Algorithm
and propose the Sequential Ski Rental algorithm which the learner

utilizes when she has access to two sets of experts.
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Symbol Description

𝑥𝑡 True number of ski-days at the 𝑡𝑡ℎ time instant.

𝑦𝑡
𝑗

𝑗𝑡ℎ expert ski-day prediction at time 𝑡

𝑏𝑡 True buy cost at time 𝑡

𝑎𝑡
𝑖

𝑖𝑡ℎ expert buy cost prediction at time 𝑡

𝑏𝑡𝑠 Weighted sum estimate of the buy cost

Table 1: Notation

5.1 CostRobust Randomized Algorithm
Below we present an algorithm which obtains a robust and con-

sistent algorithm for solving the ski-rental problem. The crucial

difference between our algorithm and [21] is that our algorithm is

robust to small variations in the buy cost i.e if we obtain a noisy

sample of the buy cost, our algorithm suffers a cost which is same as

the cost suffered if the true value were given. Our algorithm obtains

similar consistency and robustness guarantees while considering

the competitive ratio along with the added benefit of robustness in

terms of the buy cost.

Algorithm 1: CostRobust Randomized Algorithm

Function SkiRentStrategy(𝑏,𝑦):
if 𝑦 ≥ 𝑏 then

𝑘 ← ⌊_𝑏⌋
𝑞𝑖 ← (1 − _

𝑘
)𝑘−𝑖 . _

𝑘 (1−(1−_/𝑘)𝑘 ) ∀1 ≤ 𝑖 ≤ 𝑘

𝑑 ∼ 𝒒 // Sample the buy day based on the

distribution above

return 𝑑

else
𝑙 ← ⌈𝑏/_⌉
𝑟𝑖 ← (1 − 1

_𝑙
)𝑙−𝑖 . 1

𝑙_ (1−(1− 1

_𝑙
)𝑙 ) ∀1 ≤ 𝑖 ≤ 𝑙

𝑑 ∼ 𝒓 // Sample the buy day based on the

distribution above

return 𝑑

end

Let _ ∈ (1/𝑏, 1) be a hyper-parameter. For a chosen _ the algo-

rithm samples a buy day from two different probability distributions

depending on the prediction and the input buy cost. Note that the

Algorithm 1 outputs a buy day strategy for the prediction on the

number of ski days 𝑦 and the input it gets on the cost 𝑏.

We say that the algorithm is 𝜖 robust in terms of the buy cost

if 𝜖 is the maximum possible value such that when the buy cost

prediction 𝑏𝑠 lies in the range (𝑏 − 𝜖, 𝑏 + 𝜖), the incurred cost is

equal to the cost in the case the true value 𝑏 were given.

Theorem 1. The CostRobust randomized algorithm is 𝜖 robust in
terms of the buy cost where 𝜖 is

𝜖 = min

(
1

_
min({_𝑏}, 1 − {_𝑏}), _min

({
𝑏

_

}
, 1 −

{
𝑏

_

}))
where {𝑥} denotes the fractional part of 𝑥 .

Proof. Consider the case when 𝑦 ≥ 𝑏. In this case 𝑘 = ⌊_𝑏⌋. A
predicted buy cost 𝑏𝑠 is given where 𝑏 − 𝜖 < 𝑏𝑠 < 𝑏 + 𝜖 , and hence

the condition we get on 𝜖 so that ⌊_𝑏⌋ = ⌊_𝑏𝑠 ⌋ is

𝜖 =
1

_
min({_𝑏}, 1 − {_𝑏})

Similarly, in the case 𝑦 ≤ 𝑏, performing a similar analysis where

we require the 𝑙 values to be equal gives us the condition

𝜖 = _min

({
𝑏

_

}
, 1 −

{
𝑏

_

})
Hence the result follows.

□

Note that the robustness with respect to the buy cost depends on

the _ hyper-parameter. We now show consistency and robustness

guarantees, in terms of the competitive ratio, of our proposed algo-

rithm in the case it receives the true prediction of the buy cost. Our

analysis is similar to [21], who calculate the expected loss of the

algorithm based on the relative values of 𝑦,𝑏, 𝑥 and the distribution

defined.

Theorem 2. The CostRobust randomized ski-rental algorithm
yields a competitive ratio of atmostmin{ 1+1/⌊_𝑏 ⌋

1−𝑒−_ , ( _
1−𝑒−_ ) (1+

[

𝑂𝑃𝑇
)}

where _ is a hyper-parameter chosen from the set _ ∈ (1/𝑏, 1]. The
CostRobust Randomized algorithm is 1+1/⌊_𝑏 ⌋

1−𝑒−_ -robust and ( _
1−𝑒−_ )-

consistent.

Proof. We consider different cases depending on the values of

𝑦,𝑏, 𝑥, 𝑘 .

• 𝑦 ≥ 𝑏, 𝑥 ≥ 𝑘 Based on the algorithm 𝑘 = ⌊_𝑏⌋.

E[𝐴𝐿𝐺] =
𝑘∑
𝑖=1

(𝑏 + 𝑖 − 1)𝑞𝑖 ≤ 𝑏 − 𝑘

_
+ 𝑘

1 − (1 − _
𝑘
)𝑘

≤ 𝑏 − 𝑘

_
+ 𝑘

1 − 𝑒−_
≤ 𝑏 + 𝑏

(
_

1 − 𝑒−_
− 1

)
≤

(
_

1 − 𝑒−_

)
(𝑂𝑃𝑇 + [)

where the second to last inequality from the fact 𝑏 > 𝑘
_
and

the last inequality from the fact 𝑦 > 𝑏.

• 𝑦 ≥ 𝑏, 𝑥 < 𝑘 . For this ordering of the variables 𝑂𝑃𝑇 = 𝑥 .

The algorithm suffers a loss of 𝐴𝐿𝐺 = 𝑏 + 𝑖 − 1 if it buys at
the beginning of day 𝑖 ≤ 𝑥 . Thus ,

E[𝐴𝐿𝐺] =
𝑥∑
𝑖=1

(𝑏 + 𝑖 − 1)𝑞𝑖 +
𝑘∑

𝑖=𝑥+1
𝑥𝑞𝑖

=
𝑥

1 − (1 − _
𝑘
)𝑘

(
1 +

(
1 −

(
1 − _

𝑘

)𝑥 ) (
1 − _

𝑘

)𝑘−𝑥 (𝑏 − 𝑘
_
)

𝑥

)
≤

(
1

1 − 𝑒−_

(
1 +

(
1

_
− 1

𝑘

)
1 − (1 − _

𝑘
)𝑘−1

𝑘 − 1

))
𝑂𝑃𝑇

≤
(
1 + 1/⌊_𝑏⌋
1 − 𝑒−_

)
𝑂𝑃𝑇
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where the second to last inequality follows from the fact

that the function (1 − (1 − _
𝑘
)𝑥 ) (1 − _

𝑘
)𝑘−𝑥 1

𝑥 is maximized

at 𝑥 = 𝑘 − 1 and the last inequality is valid because 𝑘 ≥ 2 as

in the worst case 𝑥 = 1. To show consistency, we have the

inequality

E[𝐴𝐿𝐺] ≤ 𝑏 − 𝑘

_
+ 𝑥

1 − 𝑒−_
≤ {_𝑏}

_
+ 𝑥

1 − 𝑒−_

≤ {_𝑏} + 𝑥
1 − 𝑒−_

≤ _𝑏

1 − 𝑒−_

≤
(

_

1 − 𝑒−_

)
(𝑂𝑃𝑇 + [)

where the third inequality comes from the fact that _ ≥
1 − 𝑒−_ for all _ ∈ [0, 1] and the fourth inequality comes

from the fact that 𝑥 < 𝑘 .

• 𝑦 < 𝑏, 𝑥 < 𝑙 . Based on the algorithm, 𝑙 =

⌈
𝑏
_

⌉
. The algorithm

suffers a loss of 𝐴𝐿𝐺 = 𝑏 + 𝑖 − 1 if it buys at the beginning
of day 𝑖 ≤ 𝑥 . Thus ,

E[𝐴𝐿𝐺] =
𝑥∑
𝑖=1

(𝑏 + 𝑖 − 1)𝑟𝑖 +
𝑙∑

𝑖=𝑥+1
𝑥𝑟𝑖 ≤ (𝑏 − _𝑙) +

𝑥

1 − (1 − 1

_𝑙
)𝑙

≤ 𝑥

1 − 𝑒−
1

_

≤
(

1

1 − 𝑒−1/_

)
(𝑂𝑃𝑇 + [)

≤
(

_

1 − 𝑒−_

)
(𝑂𝑃𝑇 + [)

• 𝑦 < 𝑏, 𝑥 ≥ 𝑙 . Here 𝑂𝑃𝑇 = 𝑏. The expected cost incurred is

E[𝐴𝐿𝐺] =
𝑙∑

𝑖=1

(𝑏 + 𝑖 − 1)𝑟𝑖 ≤ 𝑏 − _𝑙 + 𝑙

1 − (1 − 1

_𝑙
)𝑙

≤ 𝑏 + 𝑙
(

1

1 − 𝑒−1/_
− _

)
≤ 𝑏 + 𝑙

(
_𝑒−_

1 − 𝑒−_

)
≤

(
1 + _𝑒−_/𝑏
1 − 𝑒−_

)
𝑂𝑃𝑇 <

(1 + 1/⌊_𝑏⌋)
1 − 𝑒−_

𝑂𝑃𝑇

which shows some sense of robustness. To show consistency,

we can write the equations as

E[𝐴𝐿𝐺] ≤ 𝑙

1 − 𝑒−1/_
=

1

1 − 𝑒−1/_
(𝑏 + 𝑙 − 𝑏)

≤ 1

1 − 𝑒−1/_
(𝑂𝑃𝑇 + [) ≤

(
_

1 − 𝑒−_

)
(𝑂𝑃𝑇 + [)

Hence the result follows.

□

This result provides a trade-off between the consistency and

robustness ratios. Setting _ = 1 gives us a guarantee that even if the

prediction has a very large error([ →∞), our competitive ratio is

bounded by
𝑒

𝑒−1 (1 + 1/𝑏) which is close to the best case theoretical

bound without predictions. However if we are very confident in

the prediction, i.e confident that [ = 0, then we can set _ to be very

small and get a guarantee of performing close to the offline optimal.

5.2 Sequential Ski Rental Algorithm
We utilize the CostRobust algorithm as a subroutine for each ski-

expert. Each of the 𝑛 ski experts are running the algorithm for each

instance of the ski-rental problem to determine a strategy using the

predicted buy cost and its own prediction on the number of ski days.

The loss is calculated with respect to the best hindsight strategy

and hence is always positive. We normalize the competitive ratio by

an additive factor so that if an expert predicts correctly, she obtains

0 loss.

Algorithm 2: Loss calculation for each expert

Function loss(𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦
𝑡
𝑗
):

𝑑 ← SkiRentStrategy(𝑏𝑡𝑠 , 𝑦
𝑡
𝑗
)

if 𝑥𝑡 ≥ 𝑏𝑡 then
𝑂𝑃𝑇 = 𝑏𝑡

else
𝑂𝑃𝑇 = 𝑥𝑡

end
Based on the strategy suggested by the expert in

Algorithm 1, 𝑑 is the buy-day.

if 𝑥𝑡 ≥ 𝑑 then
𝐴𝐿𝐺 = 𝑏𝑡 + 𝑑 − 1

else
𝐴𝐿𝐺 = 𝑥𝑡

end
𝑙𝑡
𝑗
= 𝐴𝐿𝐺−𝑂𝑃𝑇

𝑂𝑃𝑇
// Loss suffered by the 𝑗𝑡ℎ ski expert at

the 𝑡𝑡ℎ iteration

At each instance of the Sequential Ski Rental Algorithm, the input

to the CostRobust subroutine is an estimate 𝑏𝑡𝑠 ≠ 𝑏𝑡 . The statement

below shows that even if the ski-days prediction of a ski-expert has

very large error, it suffers a finite loss when it uses an estimate of

the buy cost.

Theorem 3. The loss suffered by each ski expert is bounded for
every round 𝑡 ∈ [𝑇 ].

We will denote this bound by 𝐵. The proof of this claim is given

in the long version of this paper. The sketch of the proof is similar to

the previous claim where we consider different cases based on the

relative values of 𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦
𝑡
𝑗
and show that the loss suffered by a

ski-expert is at most an extra additive factor which is bounded when

the buy predictions are coming from bounded random variables.

We now describe the setting of the online learning algorithm.

The buy predictions comes from unbiased experts. The assumption

wemake is that the buy predictions come from a bounded stochastic

distribution which is i.i.d over rounds. The prediction given to the

ski experts is a weighted sum of each buy expert prediction. The

ski experts utilize this to recommend a strategy and suffer some

loss for the same. The buy expert weights are updated using the

Decreasing Hedge algorithm while the weights of the ski experts

are updated using the Constant Hedge algorithm.

6 REGRET ANALYSIS
In this section, we show our main result - a regret guarantee for

the proposed Sequential Ski Rental algorithm.
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Algorithm 3: Sequential Ski Rental Algorithm
Input:
_ : Hyperparamter ;

Initialization:
𝒘1
𝜷
← (1, 1, . . . , 1) : Weights corresponding to the ski

experts ;

𝒘1
𝜶 ← (1, 1, . . . , 1) : Weights corresponding to the buy

experts ;

for 𝑡 ← 1 to 𝑇 do
input 𝒂𝒕 : Buy expert predictions ;

𝜶 𝒕 =
𝒘𝒕

𝜶∑
𝑖 (𝑤𝑡

𝛼 )𝑖
: Probability distribution over the buy

experts ;

𝑏𝑡𝑠 ← 𝒂𝒕 · 𝜶 𝒕
: The weighted buy cost prediction to be

provided to the ski experts ;

input 𝒚𝒕 : Ski-expert predictions ;

𝜷 𝒕 ←
𝒘𝒕

𝜷∑
𝑗 (𝑤𝑡

𝛽
)𝑗

: Probability distribution over the ski

experts ;

𝒍𝒕 ← 𝑙𝑜𝑠𝑠 (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 ,𝒚𝒕 ) : Loss vector where 𝑗𝑡ℎ element

corresponds to the loss of the 𝑗𝑡ℎ ski expert ;

𝒘𝒕+1
𝜷
← 𝒘𝒕

𝜷
𝑒−𝜖𝑠 𝒍

𝒕
: Update the weights according to the

Constant hedge algorithm ;

𝒘𝒕+1
𝜶 ← 𝒘𝒕

𝜶 𝑒
−𝜖𝑏 (𝒂𝒕−𝑏𝑡 )2

: Update the weights according

to the Decreasing Hedge algorithm

end

Theorem 4. Let the variance of the best buy expert satisfy

𝛾𝑚𝑖𝑛 =
𝛿𝜖2

𝑇𝑐

for some 𝑐 ∈ (1,∞) and the time horizon

𝑇 >
1

2Δ2
log𝑚

log
2

(
2𝑇Δ𝑚𝑐

𝛿𝜖2 (𝑐 − 1)

)
.

Then, with probability at least 1 − 𝛿 , the cumulative regret of the
Sequential Ski Rental algorithm is bounded as

𝑅𝑇 ≤ (1 + 𝐵2)
√
𝑇 log𝑛 + 𝐵 1

2Δ2
log𝑚

log
2

(
2𝑇Δ𝑚𝑐

𝛿𝜖2 (𝑐 − 1)

)
where 𝑛 are the number of ski-experts, where 𝐵 is the bound on the

loss suffered by the ski-experts, Δ is the minimum sub-optimality gap
of the buy experts in terms of their variance,𝑚 ≥ 2 are the number
of buy experts and 𝜖 is the robustness in terms of the buy cost of the
CostRobust Randomized algorithm.

Recalling the regret definition we use, we have

𝑅𝑇 =

𝑇∑
𝑡=1

(𝜷 𝒕 )𝑇 𝒍𝑡 (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 ,𝒚𝒕 ) −min

𝑗

𝑇∑
𝑡=1

𝑙𝑡𝑗 (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡 , 𝑦𝑡𝑗 )

This can be split w.r.t the optimal ski expert 𝑗∗, given the true

value as 𝑅𝑇 = 𝑅𝑥
𝑇
+ 𝑅𝑏

𝑇
where each component is defined as

𝑅𝑥𝑇 =

𝑇∑
𝑡=1

(𝜷 𝒕 )𝑇 𝒍𝑡 (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 ,𝒚𝒕 ) −
𝑇∑
𝑡=1

𝑙𝑡𝑗∗ (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦

𝑡
𝑗 )

and

𝑅𝑏𝑇 =

𝑇∑
𝑡=1

𝑙𝑡𝑗∗ (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦

𝑡
𝑗 ) −

𝑇∑
𝑡=1

𝑙𝑡𝑗∗ (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡 , 𝑦𝑡𝑗 )

Theorem 5. The first term in the regret split 𝑅𝑥
𝑇
is bounded by

𝑅𝑥𝑇 ≤ (1 + 𝐵
2)

√
𝑇 log𝑛

where 𝐵 is the bound on the loss suffered by the ski-experts and 𝑛

denotes the number of ski-experts.

This regret bound 𝑅𝑥
𝑇
follows from the standard regret bound

for the Constant Hedge algorithm with 𝑛 experts when losses for

each of these experts lie in the range [0, 𝐵].
To bound 𝑅𝑏

𝑇
, note that the loss function is 𝜖-robust to the buy

cost, hence if the predicted buy cost lies in the range (𝑏 − 𝜖, 𝑏 + 𝜖),
this would imply that 𝑙𝑡

𝑗∗ (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦

𝑡
𝑗
) = 𝑙𝑡

𝑗∗ (𝑏
𝑡 , 𝑥𝑡 , 𝑏𝑡 , 𝑦𝑡

𝑗
).

Let us analyze the predicted buy cost 𝑏𝑡𝑠 . Note that E[𝑏𝑡𝑠 |𝜶 𝒕 ] =
𝑏𝑡 . This is because each of the buy experts in expectation predict

correctly and

∑𝑚
𝑖=1 𝛼

𝑡
𝑖
= 1. This leads to E[𝑏𝑡𝑠 ] = 𝑏𝑡 . Let 𝛾𝑖 denote

the variance of the 𝑖𝑡ℎ buy expert. Now to find the variance of 𝑏𝑡𝑠 .

E[(𝑏𝑡𝑠 − 𝑏𝑡 )2 |𝜶 𝒕 ] = E[(
𝑚∑
𝑖=1

𝛼𝑡𝑖 (𝑎
𝑡
𝑖 − 𝑏

𝑡 ))2 |𝜶 𝒕 ] =
𝑚∑
𝑖=1

(𝛼𝑡𝑖 )
2𝛾𝑖

where the first equality comes from the fact that

∑
𝑖 𝛼

𝑡
𝑖
= 1, the

second equality from the fact that agents predicting at time 𝑡 are

independent and are predicting with mean 𝑏𝑡 . Thus E[(𝑏𝑡𝑠 −𝑏𝑡 )2] =∑𝑚
𝑖=1 𝛾𝑖E[(𝛼𝑡𝑖 )

2]. Now using Chebyshev inequality, the probability

that 𝑏𝑡𝑠 lies in the 𝜖 range about 𝑏𝑡 is given as

𝑃𝑟 [|𝑏𝑡𝑠 − 𝑏𝑡 | ≤ 𝜖] > 1 − 𝑣𝑎𝑟 (𝑏𝑡𝑠 )
𝜖2

For this event to hold with probability at least 1 − 𝛿 , we require∑𝑚
𝑖=1 𝛾𝑖E[(𝛼𝑡𝑖 )

2] ≤ 𝛿𝜖2. Under the assumption that one buy expert

has variance 𝛾𝑚𝑖𝑛 << 𝛿𝜖2 this is trivially satisfied as 𝑡 →∞ .Hence

we now require a minimum 𝑡∗ < 𝑇 such that the above event is

satisfied for all 𝑡 ∈ [𝑡∗,𝑇 ].

Theorem 6. With probability at least 1− 𝛿 , the number of rounds
𝑡∗ needed so that

𝑇∑
𝑡=𝑡∗

𝑙 𝑗∗ (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡𝑠 , 𝑦𝑡𝑗 ) =
𝑇∑

𝑡=𝑡∗
𝑙 𝑗∗ (𝑏𝑡 , 𝑥𝑡 , 𝑏𝑡 , 𝑦𝑡𝑗 ) is

𝑡∗ ≤ 1

2Δ2
log𝑚

log
2

(
2𝑇Δ𝑚𝑐

𝛿𝜖2 (𝑐 − 1)

)
under the assumption that the variance of one buy expert 𝛾𝑚𝑖𝑛

satisfies𝛾𝑚𝑖𝑛 = 𝛿𝜖2

𝑇𝑐
for some 𝑐 ∈ (1,∞), where𝑚 ≥ 2 are the number

of buy-experts and 𝜖 is the robustness of the CostRobust algorithm in
terms of the buy cost and the time horizon𝑇 > 1

2Δ2
log𝑚

log
2 ( 2𝑇Δ𝑚𝑐

𝛿𝜖2 (𝑐−1) ).
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Proof. Consider a time 𝑡0 =

⌈
4

Δ2

⌉
. If the rate of convergence

to the desired variance is upper bounded by 𝑡0, then we have a

convergence rate which does not depend on 𝑇 . If the time taken

for convergence is greater than 𝑡0, then we consider the analysis

below. The variance of 𝑏𝑡𝑠 is

𝑣𝑎𝑟 (𝑏𝑡𝑠 ) =
𝑚∑
𝑖=1

𝛾𝑖E[(𝛼𝑡𝑖 )
2]

The update at time 𝑡 for each buy expert is made based on the

squared error, specifically (𝑎𝑡
𝑖
−𝑏𝑡 )2. We define the loss suffered by

the 𝑖𝑡ℎ buy expert at time 𝑡 as 𝑔𝑡
𝑖
= (𝑎𝑡

𝑖
−𝑏𝑡 )2. For every buy expert

𝑖 ≠ 𝑖∗, we define the variable 𝑍 𝑡
𝑖
:= −𝑔𝑡

𝑖
+ 𝑔𝑡

𝑖∗ + Δ𝑖 , which belong

to [−1 + Δ𝑖 , 1 + Δ𝑖 ]. We define 𝐺𝑡
𝑖
as the cumulative loss for buy

expert 𝑖 upto time 𝑡 i.e 𝐺𝑡
𝑖
=

∑𝑡
𝑠=1 (𝑎𝑡𝑖 − 𝑏

𝑡 )2. Applying Hoeffding’s

inequality, we get

𝑃𝑟 (𝐺𝑡−1
𝑖 −𝐺𝑡−1

𝑖∗ < Δ𝑖
𝑡 − 1
2

) = 𝑃𝑟 (
𝑡−1∑
𝑠=1

𝑍𝑠
𝑖 > Δ𝑖

𝑡 − 1
2

)

≤ 𝑒−(𝑡−1)
Δ2
𝑖
8

When 𝐺𝑡−1
𝑖
−𝐺𝑡−1

𝑖∗ > Δ𝑖
𝑡−1
2
, then

𝛼𝑡𝑖 =
𝑒
−[𝑏 (𝐺𝑡−1

𝑖
−𝐺𝑡−1

𝑖∗ )

1 +∑
𝑗≠𝑖∗ 𝑒

−[𝑏 (𝐺𝑡−1
𝑗
−𝐺𝑡−1

𝑖∗ )

≤ 𝑒−Δ𝑖

√
(𝑡−1) (log𝑚)/2

since 𝑡 ≥ 𝑡0 + 1 ≥ 2 .Thus (𝛼𝑡
𝑖
)2 ≤ 𝑒−Δ𝑖

√
2(𝑡−1) (log𝑚)

. Hence

E[(𝛼𝑡𝑖 )
2] ≤ 𝑃𝑟 (𝐺𝑡−1

𝑖 −𝐺𝑡−1
𝑖∗ < Δ𝑖

𝑡 − 1
2

) + 𝑒−Δ𝑖

√
2(𝑡−1) (log𝑚)

≤ 𝑒−(𝑡−1)
Δ2
𝑖
8 + 𝑒−Δ𝑖

√
2(𝑡−1) (log𝑚)

Let us consider each component separately. Considering the first

term, since Δ𝑖 ≥ Δ we obtain

Δ𝑖𝑒
−(𝑡−1) Δ

2

𝑖
8 ≤ Δ𝑒−(𝑡−1)

Δ2

8

when
Δ
√
𝑡−1
2
≥ 1 i.e 𝑡 ≥ 1 + 4

Δ2
which is satisfied as 𝑡 ≥ 𝑡0 + 1 ≥

1 + 4

Δ2
. Now considering the second component

Δ𝑖𝑒
−Δ𝑖

√
2(𝑡−1) (log𝑚) ≤ Δ𝑒−Δ

√
2(𝑡−1) (log𝑚)

is satisfied if Δ
√
2(𝑡 − 1) (log𝑚) ≥ 1 i.e 𝑡 ≥ 1 + 1

2Δ2
log𝑚

which

is again ensured by 𝑡 ≥ 𝑡0 + 1.
Also,

𝑒−(𝑡−1)Δ
2

𝑖 /8 ≤ 𝑒−(𝑡−1)Δ
2/8

and

𝑒−Δ𝑖

√
2(𝑡−1) (log𝑚) ≤ 𝑒−Δ

√
2(𝑡−1) (log𝑚)

where both these inequalities come from the fact Δ𝑖 ≥ Δ.Now,
rewriting the variance in terms of the sub-optimality parameters

𝑣𝑎𝑟 (𝑏𝑡𝑠 ) =
𝑚∑
𝑖=1

𝛾𝑖E[(𝛼𝑡𝑖 )
2]

≤ 𝛾𝑚𝑖𝑛 + 𝛾𝑚𝑖𝑛

∑
𝑖≠𝑖∗

E[(𝛼𝑡𝑖 )
2] +

∑
𝑖≠𝑖∗

Δ𝑖E[(𝛼𝑡𝑖 )
2]

Hence for every 𝑡 ≥ 𝑡0 + 1, we get

𝑣𝑎𝑟 (𝑏𝑡𝑠 ) ≤ 𝛾𝑚𝑖𝑛 +𝑚(𝛾𝑚𝑖𝑛 + Δ) (𝑒−Δ
√
2(𝑡−1) (log𝑚) + 𝑒−(𝑡−1)

Δ2

8 )

This gives us the condition that we must require 𝛾𝑚𝑖𝑛 < 𝛿𝜖2 or

𝛾𝑚𝑖𝑛 = 𝛿𝜖2

𝑐 for some 𝑐 ∈ (1,∞). Thus the convergence rate boils
down to finding a minimum 𝑡 > 𝑡0 such that

𝑒−Δ
√
2(𝑡−1) (log𝑚) + 𝑒−(𝑡−1)

Δ2

8 ≤ 𝛿𝜖2 − 𝛾𝑚𝑖𝑛

𝑚(𝛾𝑚𝑖𝑛 + Δ)
Under the assumption Δ >> 𝛾𝑚𝑖𝑛 , which is justifiable as 𝛾𝑚𝑖𝑛 is

required to be small, an upper bound on the convergence would

be when each of the components is less than
𝛿𝜖2 (𝑐−1)
2𝑚Δ𝑐 for some

𝑐 ∈ (1,∞). Now since in every round from 𝑡∗ to 𝑇 the desired

event holds, the required equality holds with probability at least

(1 − 𝛿)𝑇−𝑡∗ . At least because the probability of the desired event is

only going to increase in rounds 𝑡∗ to𝑇 . Thus the required equality
holds with probability (1 − 𝛿)𝑇−𝑡∗ > (1 − 𝛿)𝑇 ≈ (1 −𝑇𝛿). Hence
replacing 𝛿 with 𝛿/𝑇 gives us the result.

□

Corollary 7. With probability at least 1 − 𝛿 , the second term in
the regret split 𝑅𝑏

𝑇
is bounded as

𝑅𝑏𝑇 ≤ 𝐵
1

2Δ2
log𝑚

log
2

(
2𝑇Δ𝑚𝑐

𝛿𝜖2 (𝑐 − 1)

)
where 𝐵 is the bound on the loss suffered by the ski experts and

𝛾𝑚𝑖𝑛 = 𝛿𝜖2

𝑇𝑐
for some 𝑐 ∈ (1,∞).

Hence the regret bound follows using the above proved results.

7 EXPERIMENTS
We perform empirical studies to show that our CostRobust algo-

rithm performs similarly to the algorithm proposed by [21]. We

also perform simulations of the Sequential Ski Rental Algorithm to

verify our theoretical regret guarantees.

7.1 CostRobust Randomized Algorithm
To show a comparison, we set the cost of buying to 𝑏 = 100 and

sample the actual number of ski days 𝑥 uniformly as an integer

from [1, 4𝑏]. To obtain the predicted number of ski-days, we model

it as𝑦 = 𝑥+𝜖 , where the noise 𝜖 is drawn from a normal distribution

with mean 0 and standard deviation 𝜎 . We compare our algorithms

for two different values of the trade-off parameter _. For each 𝜎 ,

we plot the average competitive ratio obtained by each algorithm

over 10000 independent trials.

Figure 2 shows that both the algorithms perform similarly in

terms of the competitive ratio. Setting _ = 1, both algorithms ignore

the prediction and guarantee a robustness which are close to the

theoretical lower bound of
𝑒

𝑒−1 . Setting _ = ln
3

2
guarantees an
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(a) [𝑚𝑖𝑛 = 1,[𝑚𝑎𝑥 = 100 (b) [𝑚𝑖𝑛 = 100,[𝑚𝑎𝑥 = 150 (c) [𝑚𝑖𝑛 = 1,[𝑚𝑎𝑥 = 50 (d) [𝑚𝑖𝑛 = 1, [𝑚𝑎𝑥 = 50

Figure 1: ((a) and (b)) Regret Variation as a function of the hyper-parameter _; ((c) and (d)) Regret Variation as a function of
the number of ski experts 𝑛 and the number of buy experts𝑚

Figure 2: Comparison of the modified randomized algo-
rithm with the randomized algorithm proposed by [21]

upper bound close to 3 for the CostRobust algorithm. We observe

that for such a _, the algorithm performs much better than the

classical guarantees.

7.2 Regret Experiments
While we require certain assumptions to get a theoretical bound, our

empirical study shows that we obtain a vanishing regret for much

weaker conditions. We obtain regret plots for different settings of

_, 𝑛 and 𝑚. For all 𝑡 ∈ [1,𝑇 ], 𝑏𝑡 and 𝑥𝑡 is a uniformly sampled

integer from [200, 700]. We consider such a range as some experts

could have really large errors in predictions which would lead to a

negative prediction in the case the bound on the support was lower.

We consider 𝑚 buy-experts and 𝑛 ski-experts. The learning rate

is set according to the Decreasing Hedge algorithm and Constant

Hedge algorithm the sets of experts. In our empirical study, the

prediction of each buy expert is 𝑎𝑡
𝑖
= 𝑏𝑡 +𝜖𝑏 , where 𝜖𝑏 is drawn from

a truncated normal distribution in the range [−50, 50] with mean 0

and variance𝛾𝑖 . For the𝑚 buy experts, their variance takes values at

uniform intervals from the range [𝛾𝑚𝑖𝑛, 𝛾𝑚𝑎𝑥 ]. Our empirical study

uses 𝛾𝑚𝑖𝑛 = 1 and 𝛾𝑚𝑎𝑥 = 20. Note that even though our theoretical

bound holds when the noise comes from the range [−1, 1] our
empirical study shows us that we can achieve vanishing regret for a

much weaker constraint. As a modelling choice, we use predictions

on the length of the ski season from a normal distribution. The

prediction of each ski expert is𝑦𝑡
𝑗
= 𝑥𝑡 +𝜖𝑥 , where 𝜖𝑥 is drawn from

a normal distribution with mean 0 and variance [ 𝑗 . For the 𝑛 ski

experts, their variance takes values at uniform intervals from the

range [[𝑚𝑖𝑛, [𝑚𝑎𝑥 ].The regret plots are obtained over 100 trials.

7.2.1 Variation in _. We expect that if there is a "good" ski expert(a

ski expert with less error), then using a lower value of _ will give

us less algorithmic cost due to the consistency result derived above.

However if we do not know the quality of the experts(worst case all

of them are bad), the algorithmic cost and hence regret is bounded.

The variation is shown in part (a) and (b) Figure 1.

7.2.2 Ski Experts Variation. What the variation in the number of

experts shows us is that if we have a few experts at our disposal,

making an early decision might be as good as making a decision

when the experts have access to the true parameters if not better.

An intuition for the learner performing better in the presence of

noise is the following situation. Consider the case where 𝑏𝑡 < 𝑥𝑡 .

The optimal strategy is to buy early. If the ski expert predictions

are less than 𝑏𝑡 they would predict sub-optimally when given the

true buy cost. If they receive a buy cost sample such that it is less

than all of their predictions, then the learner performs better with

the noisy sample. However the probability of this decreases as the

number of ski-experts increase as all of their predictions need to

satisfy this condition. The variation is shown in part (c) of Figure 1.

7.2.3 Buy Experts Variation. The number of buy experts does not

affect the cumulative regret as long as the best buy expert comes

from a similar error range. This is because the way the learner

updates the weights of these experts is based on how far it is from

the true buy cost at that time instant. The variation is shown in

part (d) of Figure 1.

8 CONCLUSION
In this work, we introduced the sequential ski rental problem, a

novel variant of the classical ski buy or rent problem. We developed

algorithms and proved regret bounds for the same. Currently we

assume that the buy costs are stochastic with different variances.

Future work includes considering more general buy cost advice.
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