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ABSTRACT

In swarm robotics, research mainly follows a theoretical approach
that considers robot systems in the abstract, where the complexity
and capabilities of the underlying model are often reduced to their
minimum. One general and well-investigated model is OBLOT,
where the robots are silent, anonymous, and oblivious.

In this work, we introduce MOBLOT, a model that extends
OBLOT to address a larger spectrum of cases. MOBLOT stands
for molecular oblivious robots: like atoms combine themselves to
form molecules, in MOBLOT simple robots can move to form more
complex computational units, having an extent and different capa-
bilities with respect to robots; like molecules combine themselves
to form the matter, in MOBLOT the complex structures can exploit
their own capabilities to arrange themselves to form any shape
defining an acceptable final structure. In MOBLOT, we formally
define the Matter Formation (MF) problem and, as a preliminary
general result, we provide a necessary condition for its solvability
which relies on symmetricity. Informally, the symmetricity of a
configuration measures the amount of symmetries of the robots’
disposal. We actually show how dealing with molecules can resolve
in some cases the symmetry breaking issue where OBLOT cannot.
Finally, we provide a case study for MOBLOT, that is, a representa-
tive MF problem along with a resolution distributed algorithm.
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1 INTRODUCTION

Robotics is an interdisciplinary research area at the interface of
computer science and engineering. Robotics involves design, con-
struction, operation, and use of robots. Among many, two well-
established research areas in robotics concerns modular robotics
(see, eg [2, 5, 22, 29]) and swarm robotics (see, eg [3, 27]).
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Modular robots refer to robotic systems composed of intercon-
nected individual (electro-mechanical) modules that can rearrange
in order to best adapt to their task-environment or recover from
failures (eg, see [30]). Their promise is to realize robotic systems
that are more versatile, affordable, and robust than their conven-
tional counterparts, at the cost of a probable reduced efficacy for
specific tasks.

Swarm robotics differs from modular robotics by the fact that
the individual robots in the system don’t have to remain connected
to each other at all times, but they are usually mobile units with full
autonomy (eg, Kilobot [26]). In this area, it is supposed that a desired
collective behavior emerges from some form of interaction between
the robots. Researchers in the field of swarm robotics mainly follow
a theoretical approach that considers robot systems in the abstract,
where the complexity and capabilities of the underlying model are
often reduced to their minimum. As an example, consider the well-
known Amoebot model [17, 18], and the recent models Silbot[15,
16], and Pairbot [23]. In general, these models facilitate rigorous
algorithmic analysis, thus providing new theoretical insights to
expand the practical possibilities of the studied systems.

One general and well-investigated theoretical model for swarm
robotics is OBLOT (see, eg [20]), where the robots are computa-
tional entities that can move in some environment. The OBLOT
model covers a large spectrum of settings, each defined by specific
choices among a range of possibilities, wrt a fundamental compo-
nent - time synchronization - as well as other important elements,
like memory, orientation and mobility. Such settings are often main-
tained at minimum: robots are assumed to have no memory about
past activities, to be indistinguishable, without ids, without any
centralized control, they all execute the same algorithm without
any means of direct communication and each one operating with its
own local coordinate system. When active, a robot operates in three
phases: it takes a snapshot of the current global configuration in
terms of robots’ positions according to its own coordinate system;
successively, it decides whether to move toward a specific target
or not; in the positive case it moves. In the OBLOT model, one of
the most studied problem is certainly the Gathering [8, 10, 12, 13],
or the more general Pattern Formation (PF) [6, 7, 9, 11, 21, 25, 28]:
given a team of robots and a geometric pattern in terms of points
in the plain wrt an ideal coordinate system, the goal is to design a
distributed algorithm so that eventually all robots together form
the pattern, if possible.

In this work, we introduce MOBLOT, a new theoretical model
in the context of swarm robotics that extends OBLOT to address a
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larger spectrum of problems. MOBLOT stands for Molecular OBLivi-
ous robOTs, since the inspiration comes from nature: like atoms com-
bine themselves to form molecules, in MOBLOT simple robots can
move to form more complex computational units (called molecules
also in the model), having an extent and different capabilities wrt
robots; like in nature molecules combine themselves to form the
matter, the MOBLOT version of molecules can exploit their own
capabilities to arrange themselves to form any shape defined ac-
cording to some compositional properties. This is what we later
call the Matter Formation (MF) problem which is well-related to PF.
Once MF is solved, in case of other inputs/stimuli/requirements, the
molecules can rearrange (self-reconfigure) their positions to mod-
ify the shape or collectively move. This highlights how MOBLOT
is capable of modeling problems also in the context of modular
robotics.

As a general result, we provide a necessary condition for the
solvability of MF which relies on symmetricity. Informally, the
symmetricity of a configuration measures the amount of symme-
tries of the robots’ disposal. We actually show how dealing with
molecules can resolve in some cases the symmetry breaking issue
where OBLOT cannot. Finally, we provide a case study, that is,
a representative MF problem along with a resolution distributed
algorithm.

Note that, robots/molecules we deal with can be thought as
oblivious agents, i.e., without memory of past events. Hence, they
are in general much weaker than standard agents (see, eg [19]),
without any means of learning. Their behavior is in fact provided
via a deterministic algorithm and it cannot change over time.

2 MOLECULAR OBLIVIOUS ROBOTS

In this section, we first recall from [20] the OBLOT model and then
present the MOBLOT extension.

An OBLOT system is composed by a set R = {ry,ra,...,rp} of
n computational entities, called robots, that live and operate in a
connected spatial universe U C R%, d > 1, in which they can move.
Robots are viewed as points in R4 (they are dimensionless), and
more than one robot can occupy the same location at the same time;
when this occurs, we say that there is a multiplicity.

The robots have the following basic properties: they are iden-
tical (they are indistinguishable by their external appearance),
anonymous (they do not have distinct identities that can be used
during the computation), autonomous (they operate without a
central control or external supervision), homogeneous (they all
have and execute the same protocol, or algorithm), silent (they
have no means of direct communication of information to other
robots), and disoriented (each robot has its own local coordinate
system - LCS). A robot is capable of observing U hence determining
the positions (expressed in its LCS) of all the robots. It follows that
the only means of interaction between robots are observations and
movements, that is, communication is stigmergic. The behavior of
a robot follows four sequential phases:

e Wait. The robot is idle. A robot cannot stay indefinitely idle.

e Look. The robot observes U obtaining a snapshot of the
positions of all other robots expressed in its own LCS.

e Compute. The robot performs a local computation according
to a deterministic algorithm A (we also say that the robot
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executes A). The algorithm is the same for all robots, and
the result of the Compute phase is a destination point along
with the trajectory to be followed.

e Move. The robot moves towards the computed destination;
if the destination is the current location, the robot stays still,
performing a nil movement.

Such phases form a computational cycle of a robot. Robots
are oblivious: robots have no memory of past actions, and the
computation is based only on what determined in their current
cycle. In particular, from the snapshot acquired during the Look
phase, a robot can elaborate what later is called its view. This
is a data structure containing all the information acquired by a
robot during its Look phase. Since each robot refers to its own LCS,
the view cannot exploit absolute measurements but it is based on
relative angles and positions of robots. Hence, if symmetries occur,
then symmetric robots have the same view if they are both activated
while the same configuration occurs. In turn, (i) the algorithm
cannot distinguish between symmetric robots (even when placed in
different positions), and (ii) symmetric robots that have perceived
the same view perform the same movements, eventually.

2.1 Varying the components of the system

The OBLOT model is based on the fundamental properties recalled
so far. Anyway, it can address a larger spectrum of situations by
varying some additional components.

Time scheduler. Among the most important features that can
greatly vary the computational power of robots there is the time
scheduler. Three schedulers are in general used:

o In the Semi-synchronous (SSync) scheduler, the activations
of the robots is logically divided into global rounds; in each
round, one or more robots are activated and obtain the same
snapshot; based on that snapshot, they compute and perform
their move, ending their cycle by the next round. The choice
of which robots are activated in a given round is assumed to
be made by the time scheduler.

o The Fully-synchronous (FSync) scheduler is an extreme case
of time scheduler: all the robots are activated in every round;

o Asynchronous (AsyNc): The robots are activated indepen-
dently, and the duration of each phase is finite but unpre-
dictable. In other words, robots do not have a common notion
of time. As a result, computations can be made based on to-
tally obsolete observations, taken arbitrarily far in the past.
Moreover, they can be seen while moving, and computations
can be made based on obsolete information about positions.

In SSync and AsyNc, the time scheduler is fair: for every robot r
and time t, there exists a time ¢’ > t at which r is activated; that is,
every robot is activated infinitely often.

Orientation. Concerning the orientation, we have already re-
called that, in general, robots are assumed to be disoriented: each
of them has its own LCS and its unit of measure. It is possible to
customize the system by assuming that all robots agree on the di-
rection and orientation of k axes (1 < k < d). Moreover, robots
may have chirality, that is they agree on a cyclic orientation (eg,
clockwise) of the plane.

Mobility. The actual movement of a mobile robot is controlled by
an external mobility scheduler. The scheduler decides how fast the
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robot moves toward its destination point, and it may even interrupt
its movement before the destination point is reached. In AsyNc,
two variants can be defined: rigid (or unlimited) mobility, where all
robots always reach their destinations when performing Move; non-
rigid, where the distance traveled within a move is neither infinite
nor infinitesimally small. More precisely, the mobility scheduler
has also the power to stop a moving robot before it reaches its
destination, but there exists an unknown constant § > 0 such that
if the destination point is closer than §, the robot will reach it,
otherwise the robot will be closer to it of at least &.

Extent. In the standard model, robots are viewed as points; i.e.,
they are dimensionless. This property can be varied by assuming
robots with a physical dimension, that is, entities with an extent.
These robots are called solid (or fat as in [1, 4, 14]) and are viewed as
opaque circular disks of a fixed diameter (hence they are assumed
to have a common unit distance).

Adversary. The mobility scheduler as well as the time scheduler
are both managed by an ideal adversary. In fact, such schedulers
are completely out of the control of the robots.

2.2 The Pattern Formation problem

Regardless of the adversary, the activations of the robots determine
specific ordered time instants. Let R(t) be the configuration ob-
served by some robots at time ¢ during their Look phase, and let
{t; : i =0,1,...}, with t; < tj4+1, be the set of all time instances
at which at least one robot takes the snapshot R(¢;). Since the in-
formation relevant for the computing phase of each robot is the
order in which the different snapshots occur and not the exact
time in which each snapshot is taken, then, wlog we can assume
ti=iforalli=0,1,.... It follows that an execution of an algorithm
A from an initial configuration R is a sequence of configurations
E : R(0),R(1),...,where R(0) = Rand R(¢+1) is obtained from R(t)
by moving some robots according to the result of their Compute
phase as implemented by A. Moreover, given an algorithm A in
AsyNC or SSYNC, there exist many executions from R(0) depending
on the activation of the robots, controlled by the adversary.

In OBLOT systems, one of the most studied problem is certainly
the PATTERN FORMATION (PF). Given a team of robots R and a geo-
metric pattern F in terms of (a multiset of) points in the universe U
wrt an ideal coordinate system, the goal is to design a distributed
algorithm A that works for each robot to guide it so that eventu-
ally all robots together form the pattern, if possible. As the global
coordinate system is usually unknown to the robots, a pattern is
declared formed as soon as robots are disposed similarly to the
input pattern, that is regardless of translations, rotations, reflec-
tions, uniform scalings. Formally, A forms the pattern F from a
configuration R if for each execution E : R = R(0),R(1),R(2),.. .,
there exists a time instant t” > 0 such that R(t’) is similar to F and
R(t) = R(t’) for each time t > t’.

2.3 The MOBLOT model

It is very common to find self-organizing structure in the physi-
cal world. For instance, atoms (the smallest units of matter) first
combine with other atoms to form molecules (special kind of atom
compounds) and then the molecules combine with each other to
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form some kind of matter, like for instance a crystal. We use this
matter formation paradigm to present the MOBLOT model.

In a MOBLOT system, the smallest units correspond to the robots
of the OBLOT model with the only difference that robots might be
heterogeneous (eg, see [24]). This is modeled by assuming that
each robot has assigned a color taken from a finite set Col used to
specify its type. However, robots of the same color are identical
and homogeneous. With respect to the above paradigm, each robot
can be thought as an atom, and its color specifies the type of atom.
For instance, the robot resembling the smallest units to form wa-
ter could be modeled by white and black robots corresponding to
hydrogen and oxygen atoms, respectively.

In a MOBLOT system, the algorithmic task for robots is to form
molecules. A molecule  is specified by a fixed pattern defined
wrt the same universe U where the robots move. For instance the
water molecule is composed by two white and one black robots,
where the white robots form a 104.5° angle with the black robot,
and each black-white pair is at distance about 0.096 nm.

The minimal ball enclosing a molecule y is denoted as B(y), and
its diameter is denoted as diam(B(p)). It is possible that in U there
are robots that must form different molecules, hence we denote as
M = {1, pia, ..., im} the set containing all kinds of molecules to
be formed. In order to make the model fair enough and as much
general/weak as possible, we impose some constraints:

C1: in any initial configuration R, each pair of robots is at dis-
tance greater than D = max{diam(B(y)) | p € M}.

Assume that an algorithm A is able to move robots from an
initial configuration R so that at a given time t some molecules in
M are formed. In the MOBLOT system we assume that each robot r
performing the Look phase at time ¢ is able to detect not only all the
other robots but also any formed molecule y. Notice that r perceives
both B(y) and the robots inside the ball, that is B(y) is “transparent”.
According to the ability of perceiving possible formed molecules,
and being the molecules expressed as fixed patterns, robots have
common units of length (for measuring distances, angles, etc).

A molecule y is formed as soon as there are robots that form the
pattern describing y, however it must hold:

C2: in B(p), there are only the robots necessary to form y suitably
placed wrt the pattern defining y;

for each p’ already formed or that could be formed at the
same time of y, then B(y) N B(y') = 0;

assume a robot r is moving along a trajectory 7 toward a
target ¢ and there is a position p # t along 7 such that a
molecule p is formed once r in on p; if  can be formed (i.e., all
the previous constraints are fulfilled), then r is automatically
stopped at p and the molecule is formed;

as soon as a molecule y is formed, each robot forming y is
no longer an independent computational unit (i.e., it stops
executing its algorithm and acts as a part of the molecule).

C3:

C4:

C5:

Once a molecule is formed, it constitutes a new computational
entity with a physical dimension, i.e., it is solid. The basic properties
of such new entities can still be modeled as in OBLOT systems (and
its variants), with the main exception that a molecule not only can
move along any trajectory but it also may rotate wrt its center.Being
solid, any other element in U (robot or molecule) can touch the
external surface of B(u) — but cannot penetrate inside.
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Each type of molecule in M is provided as input to the algorithm,
and the algorithm is responsible to assemble all the molecules so
that a more complex structure (i.e., the matter) is formed. Also the
matter to be formed must be given as input to robot/molecules and it
can be defined in a very general way according to some adjacency
properties. These properties just define as the molecules must be
close (or in contact) each other, and accordingly the final form may
vary. For instance, when forming the water, two molecules are con-
nected when their external surfaces share a point p and the robots
in each molecule closest to p have different colors; moreover, each
molecule must be adjacent to another one so that the final structure
must be connected. According to this definition, the molecules may
form the matter by forming one among many possible patterns
(by pattern we mean any configuration obtained by placing in the
universe the molecule so that their positions fulfill the adjacency
properties). We use symbol # to denote the set containing all the
possible patterns describing the matter.

With respect to the defined MOBLOT model, the MATTER FOR-
MATION (MF) problem (which is well-related to PF) can be defined
as follows: Given a team of robots R, a set of molecules M, and a
set 7 of possible patterns describing the matter to form, the goal is
to design a distributed algorithm A that works for each robot and
molecule so that eventually they form any pattern in ¥, if possible.

2.4 Necessary condition on feasibility

In this section, the spatial universe U is confined to the Euclidean
plane (even though the result can be easily extended to higher
dimensions). Let P be a set of colored points, C(P) be the smallest
circle enclosing all the points in P, and ¢(P) be the center of C(P).
If C is any circle in the Euclidean plane, let §(C) denote the radius
of C. The set P can be decomposed into a set of concentric circles
centered in c(P), each containing at least a point of P. Let cP, CZP, ...
be all such circles ordered from the smallest to the greatest; formally,
given Cf and C;) , then (S(Ci.P )< 6 (CJP.) )iffi < j. When clear from the
context, the superscript will be omitted. It is well-known that there
exists a ¢ > 1 divisor of |P| such that every C; can be decomposed
into a set of g-gons, where each g-gon is composed by points of the
same color. If there is a point at c(P), this point is, by definition,
a (degenerated) 1-gon. The largest g for which this holds is called
symmetricity of P and denoted by p(P). The set of points in each
p(P)-gon is called orbit. Robots that occupy all the points in an orbit
are called equivalent, since no algorithm can distinguish among
them. If a move is applied to a robot the adversary can symmetrically
move any other equivalent robot.

In the remainder, by p(R), p(p), and p(F) we denote, respectively,
the symmetricity of a configuration of robots, of the set of robots
forming a molecule y, and of a set of molecules forming any pattern
F of a desired matter to be formed.

THEOREM 2.1. Let R be an initial configuration, M be the set of
molecules, and T be the set of all possible patterns defining the matter.
If there exists an algorithm A able to form the matter, i.e., a pattern
F € F, then (1) p(R) divides p(F), or (2) there exists p € M such
that p(R) divides p(u).

Proor. If A is able to form F without moving the molecules (i.e.,
matter is formed as soon as molecules are formed), then by [28] we

353

AAMAS 2021, May 3-7, 2021, Online

@ .eee
@ 0ol

!

Figure 1: (left) matter composed by 6 molecules; (right) three
full levels of the matter. The hexagonal grid emphasizes the
relative positions of the molecules composing the matter.

get that property (1) holds. In what follows we assume that A must
move some molecule to form F. We assume p(R) > 1, otherwise
both properties (1) and (2) are trivially verified. Notice that for each
possible execution E : R = R(0), R(1), ... of A, the adversary may
force p(R(0)) equivalent robots to move synchronously. Let R(t),
t > 0 be the first configuration containing molecules.

If R(t) contains more than one molecule, according to the syn-
chronous moves and to the symmetricity of R, then (i) in R(t) there
are p(R(0)) molecules, (ii) the molecules in R(¢) are all equal, and
(iii) p(R(t)) = p(R(0)). Then, from R(t) on, each move planned
by A may be forced by the adversary to maintain at least the same
symmetricity p(R(0)) until F is formed. Then p(R(0)) divides p(F)
and property (1) holds.

If R(t) contains just one molecule y, then it must be formed
around the center of the configuration. Even in this case, the adver-
sary forces p(R(0)) equivalent robots to move synchronously, and
then p () must be a multiple of p(R(0)), i.e. property (2) holds. O

3 CASE STUDY

In this section, we introduce a problem as case study of the MOBLOT
model in order to appreciate its facets. In particular, this provides
a confirmation that the MOBLOT model is more powerful than
OBLOT. First, we introduce some basic notation, necessary for the
definition of the problem. After defined the specific problem, we
provide a resolution strategy on the basis of the approach defined
in [9]. Third, we provide an extensive example in order to better
explain how the approach works.

3.1 Problem definition and basic notation

In our MF problem, we assume AsyNC robots that are homogeneous
(they all have the same color), and are endowed with chirality,
that is a common handedness. We remind that robots also share a
common unit of measure and are aware of the quantity D necessary
to form molecules. A molecule is defined by two robots at a fixed
distance D. Also molecules are assumed to be AsyNc, homogeneous
and endowed with chirality. The matter is composed by suitably
disposing the molecules as they were on some edges of a hexagonal
grid of side D, see Fig. 1. In particular, consider one hexagon of the
grid as the core of the matter where three non-adjacent edges of the
hexagon correspond to three places where the molecules should lie.
Then, the six hexagons surrounding the core represent the place
where the second level of the matter would be formed. That is, the
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non-adjacent edges of the second level, not shared with the first
level and parallel to those where the first three molecules are posed,
correspond to the second level of edges where molecules can be
moved to form the matter, as soon as the first level is full. The i-th
level will be formed by the non-adjacent edges of the hexagons
surrounding the (i — 1)-th level, not shared with the (i — 1)-th level
and parallel to those where the molecules of the (i — 1)-th level
are posed. Fig. 1.right shows three complete levels of the matter.
Actually, as in Fig. 1.left, the last level of the matter can be not fully
occupied. It follows that ¥ contains all the patterns of molecules
that satisfy the above definition of matter.

An initial configuration consists of a set R of robots, with |R| =
2m, m > 3, and each robot occupying a different point — by the
MOBLOT model, it also holds that the distance between any two
robots is greater than D.

The goal is to reach a final configuration where m molecules
are disposed as an element F € . Since p(y) = 2 and p(F) = 1
or p(F) = 3, we can assume that 1 < p(R) < 3, otherwise, by
Theorem 2.1, F cannot be formed. We remind that a molecule can
be formed if the ball including the two corresponding robots is
empty and not overlapping with any other possible molecule. Also,
two molecules cannot overlap ever but on a single point.

We denote by Mol the set of molecules formed in a configuration
and by Mat C Mol the subset of molecules forming the matter.

3.2 Description of the algorithm

Informally, in our strategy, first the algorithm ensures to make
enough space among the robots before starting forming the matter.
Ideally, the matter will be formed around c(R). Such space is realized
by moving almost all robots onto a circle C* having a sufficiently
large radius. The center of such a circle is determined by one or three
molecules preliminarily formed to this end. Such molecules will
constitute the initial core of the matter. However, before letting the
molecules suitably disposing to initialize the matter, other molecules
are formed on C* (this is required to assure the correct execution
of the algorithm). Once the matter is initialized by means of the
internal molecules, those on C* are moved to join the matter formed
so far. The matter formation then proceeds similarly by first forming
molecules on C* and then making them moving to form the matter,
until all robots belong to molecules that form the matter.

The strategy has been realized by means of nine tasks (we use
a decompositional approach so that each sub-problem is simple
enough to be thought as a “task” that can be realized by (a subset
of) robots or molecules is allowed to move. The selection of the
robots / molecules is based on some predicates computed on the
configuration perceived during the Look phase, and it is assumed to
resolve possible ties by means of the minimum view if not explicitly
specified. Given the perceived configuration, the predicate P; that
results to be true reveals to robots that the corresponding task T; is
the one to be performed. This approach requires that the designed
predicates P;, 1 < i < 9 must guarantee some properties:

o Prop;: each P; must be computable on the configuration per-
ceived in each Look phase;

e Prop,: P; A Pj = false, for eachi # j;

o Props: for each possible perceived configuration there must
exists a predicate P; evaluated as true.
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’ var ‘ definition
FarC | All robots (excluding molecules) are on C*.
iM3’ The distance from c(R) identifies exactly three robots ry, r, r3 AND
let R =R\ {r1,r2,r3}, p(R’) =3x,x > 0 AND
At least one robot among r1, r2, r3 is not part of a molecule AND
Let Cr be the smallest circle centered in ¢(R) and containing robots
of R'. The radii passing through ry, ry, r3, resp., and rotating clock-
wise, meet three robots 7, r;, 75 on Cr at 120° each other AND
r1, Iz, r3 are on the same circle OR their projections on Cg' coincide
with r{, rj, rj, resp.
iM3” Cf" contains more than three robots AND
There exist ry, r2, r3 on Cr s.t.: their distance to the next (clockwise)
robots is minimum and their rotation toward the next (clockwise)
robots generates a configuration R” with p(R’) = 3 AND
At least one robot among r1, r2, r3 is not part of a molecule.
cM —iM3” AND —-iM3” AND —FarC AND
[Mol| =1 OR (|Mol| = 3 AND p(Mol) =3).
nM1 |Mat| = 0 AND FarC AND
Let Mol’ be the set of molecules inside C*: [Mol’| = 1OR |Mol’| =3
AND The number of molecules on C* is less than p(R").
nM2 |Mat| = 0 AND FarC AND
2 < |Mol| < 3:1 or 2 molecules are on C* and 1 internal AND
The number of molecules on C* no less than p(R).
nM3 | 0 < |[Mat| < 3 AND FarC AND
|Mol| = 6: 3 molecules are on C* and 3 internal.
M1 |Mat| > 0 AND [Mol \ Mat| < 3 AND FarC.
M2 |Mat| > 0 AND FarC AND (|Mol \ Mat| = 3 OR (|Mol \ Mat| > 0
AND the matter does not admit a rotation) OR (|Mol \ Mat| = 1
AND the matter admits a rotation AND p(R\ {ry,rz,r3}) = 1)).
Mf Matter formed.

Table 1: Boolean variables used to define the preconditions.

If we guarantee that all these properties hold, then the algorithm
can be used in the Compute phase as follows: — if a robot / molecule
executing the algorithm detects that predicate P; holds, then it simply
performs move m; associated with task T;.

If we denote by pre; the precondition that characterizes the task
T; (see Tables 1 and 2), the corresponding predicate P;, for each
1 < i <9, can be defined as follow:

P =pre; A =(prejy; Vprey, V...V preg)

(1)

Then, each predicate P; fulfills Property Prop,. We will show in
Section 3.3, by means of a running example, how Properties Prop,
and Prop; too are satisfied by our algorithm.

We are now ready to define the nine tasks that compose our
algorithm, exploiting the Boolean variables provided in Table 1. The
algorithm is then formalized in Table 2 that refers to Table 3 for the
corresponding moves. An example of the execution of the algorithm
will be given in Section 3.3. For what follows we encourage the
reader to always have an eye on the referred tables.

Task T; and T5. These tasks are mainly due to handle initial configu-
rations where no molecules are formed yet (sub-problem Formation
of the Initial Molecules (FIM)). According to the symmetricity of the
configuration, either 1 or 3 molecules should be formed in order to
identify the center of C*. Task Tj is applied when the symmetricity
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’ problem ‘ sub-problem ‘ task ‘ precondition ‘ move ‘

FIM, T true my
FIM

FIM, T, iM3’ Vv iM3” | m,

MRA T cM ms

FM1 T, nM1 my

MF IM, Ts nM2 ms
M

M, Ts nM3 mg

FM2 T M1 | my

MM T M2 | mg

MD Ty Mf | nil

Table 2: Algorithm for MF.

is either 1 or 2 (sub-problem FIM;), whereas T is applied when the
symmetricity is 3 (sub-problem FIM).

In case of T (see, eg Fig. 2.left), let Cy, be the circle of radius D/2
centered in ¢(R). Let r; be the robot closest to ¢(R). Let r, be the
second robot closest to c(R) (excluding r1) and, in case of ties, the
closest to the line passing through r; and c¢(R), on the other side
wrt r1. If rq is outside Cpy,, it moves radially toward C,, otherwise
r2 moves radially toward Cy,. As soon as r; and r are at distance
D, they form a molecule and the task is over. Note that, when the
symmetricity of the initial configuration is 2, then r; and r, must
be antipodal (as in Fig. 2.left). Hence, they form just one molecule
(see, eg Fig. 2.right).

In case of Ty, two different subcases are considered, both leading
to the formation of 3 symmetric molecules. The three molecules
are formed by means of the most internal robots. The two subcases
are based on the preconditions iM3” and iM3”, see Table 1.

If iM3” holds, then the distance from c(R) identifies exactly three
robots rq, r2, r3. In this case, they first rotate clockwise along Cf
until they are all aligned with r{, rj and r; lying on Cp. If they reach
such an alignment without creating molecules, then they move
radially toward r{, ; and r;, resp., until forming three molecules.

If iM3’”” holds, then there are more than three robots on Cf,
including r1, rz and r3. In this case they rotate clockwise along the
circle, until three molecules are formed.

Task T3. This task is used to move all robots (not forming molecules)
on C* (sub-problem Move Robots Away (MRA)), as shown in
Fig. 2.right. The only molecule formed in Tj or the three molecules
formed in T5 are used in this task to detect a center from which C*
is identified. In case only one molecule is formed, then C* is the
circle, including all the robots, of minimum radius not smaller than
2mD and multiple of 2m, admitting an annulus A delimited by C*
and a circle of radius r(C*) — 3D where at most one robot resides.
In case three molecules are formed and are included in a circle of
radius x, then C* is the circle, including all the robots, of minimum
radius not smaller than 2mD + x and multiple of 2m, admitting an
annulus A delimited by C* and a circle of radius r(C*) — 3D where
at most three robots reside, one for each sector wrt p(Mol).

Task T3 is characterized by precondition cM. In particular, the
predicate ensures that one or three molecules have been formed,
and in case of one, by —iM3” AND -iM3”/ no further molecules
must be formed. In order to move the robots on C* we need to
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define a suitable set T of target points. If p(Mol) = 1 let L be the
line passing through ¢(C*) and orthogonal to the segment between
the two robots forming the molecule. Let P = {p1, p2} with p;
and py being the intersections of L with C*; If p(Mol) = 3 instead,
let L1, Ly and L3 be the radii of C* passing through the center of
each molecule, then P = {p1, p2, p3} with p1, p2 and p3 being the
intersections of L1, Ly and Ls, resp., with C*. The set T is defined by
all the points at a distance multiple of 7r(C*)/m from points in P in
the clockwise direction on C*. Being C* of radius multiple of 2m, the
points of T are 2m, including those in P, and equally distributed on
C*. Robots are moved on C* so as to not create undesired molecules.
For each sector, and in a coordinated 3-steps way, the robot furthest
from ¢(C*) is first moved radially until distance 1.5D from C* (that
is in the exact middle of A), then it rotates clockwise until being
on the radius of C* passing through the first unoccupied target,
and finally moves radially to the target. Note that there might be at
most three robots moving concurrently. The use of A is to be sure
that the moving robots do not create molecules accidentally while
moving. In fact the width of A is 3D and robots move in the middle
of A, that is at distance at least 1.5D from any other robot.

Task Ty. This task is devoted to the formation of molecules on C*
(sub-problem Forming Molecules 1 (FM1)), as shown in Fig. 3.left.
The task is needed to assure that T3 is finished and that the matter
can be formed (by means of tasks T5 or Ty ). Hence Ty can be thought
as an auxiliary task exploited to guarantee the evolution of the sys-
tem from T3 to Ts or Tg. In fact, the formation of the matter without
creating the molecules handled by T4 may result in a modification
of the definition of C*.

Ty is characterized by precondition nM1. If |Mol’| = 1, let X =
{r1, r2} be the first two robots that are met from p; and py, respec-
tively, in the clockwise direction. If [Mol’| = 3,1et X = {r1,ra,r3} be
the first three robots that are met from p1, p2, and ps, respectively,
in the clockwise direction. Let R* = R\ X. If |[X| = 3 or (| X| = 2
and p(R*) = 2), then all robots in X rotate clockwise; otherwise
among ry and ry the farthest from L rotates clockwise.

In doing so, one, two or three molecules are formed on C* ac-
cording to the possible initial symmetry deduced from p(R*). Such
molecules along with the positioning of the other robots on C* al-
low the internal molecules to move to create the core of the matter
made by either one or three molecules.

Task T5 and Tg. These tasks are due to the movement of the first
molecules that start the composition of the matter (sub-problem
Initialization of the Matter (IM)). According whether there are one
(as in Fig. 3.right) or three molecules inside C*, Task Ts or Task Tg,
resp., is executed. The center of C* is identified by means of the
molecules along with all other robots on C*. Internal molecules can
freely move without changing the identification of C*.

Task Ts (sub-problem (IM1)) is characterized by precondition nM2.
The unique internal molecule radially moves along L until reaching
a position consistent with the center of a molecule forming the mat-
ter wrt ¢(C*). Note that if the initial configuration was admitting
symmetricity 2, after T5 the configuration becomes asymmetric.

Task Ty (sub-problem (IM3)) is characterized by precondition
nM3. The three internal molecules first rotate clockwise wrt to
their center until the radii of C* passing through their centers
become orthogonal to the segments joining the two robots forming
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’ move ‘ definition

my Let C,, be the circle of radius D/2 centered in ¢, that coincides with ¢(R). Let r; be the robot closest to ¢, (of minimum view in case of ties) and
r; be the robot closest to ¢, (excluding r1) and the closest to the line passing through r; and ¢,,, on the other side wrt r; in case of ties. If ry is
outside Cpy,, it moves radially on C,,,, otherwise r, moves radially toward Cp,.

my If iM3’ holds: 7y, r, and r; rotate until they are all aligned with r{, r;, and r;. If they reach such an alignment without creating molecules, then they
move radially toward r{, r; and rj, resp.; if iM3” holds, then ry, r, and r3 rotate clockwise.

ms For each sector, and in a coordinated 3-steps way, the robot furthest from c(R) is first moved radially until distance %D from C* (that is in the
exact middle of A), then it rotates clockwise until being on the radius of C* passing through the first unoccupied target, and finally moves radially
to the target.

my If |X| =3 or (|X| =2and p(R*) = 2), then all robots in X rotate clockwise; otherwise among r; and r; the farthest from L rotates clockwise.

ms | The unique internal molecule radially moves along L until reaching a position consistent with a molecule forming the matter wrt ¢(C*).

mg | The three internal molecules first rotate clockwise wrt to their center until the radii of C* passing through their centers become orthogonal to the
segments joining the two robots forming each molecule. Then, they radially move until reaching the right positioning in order to become part of
the matter wrt c¢(C*).

my If the matter is currently composed by at least three molecules, then let ry, r, and r3 be the first three robots met from py, p2, and ps, respectively,
in the clockwise direction. If p(R \ {r1,r2,r3}) = 3 then rq, r; and r; rotate along C* until creating three molecules. If p(R \ {r1,r2,r3}) # 3,
then the robot among ry, r,, and r3 closest to the successive one in the clockwise direction rotates along C* until forming a new molecule.

ms | This task moves all the molecules formed by means of task T; to grow the matter. The molecule closest in the clockwise direction to the first
available position of the last level of the matter not yet filled, moves there clockwise while possibly rotating wrt its center.

Table 3: Moves associated with tasks.

each molecule. Then, they radially move until reaching the right

positioning in order to become part of the matter wrt ¢(C*).
Once T5 or Ty terminate, the matter is suitably initialized and the

configuration admits a symmetricity of either 1 or 3, respectively.

Task Ty. This task forms new molecules on C* (sub-problem Form-
ing Molecules 2 (FM2)) that afterward are moved by T3 so as to make
the matter growing (see, eg Fig.s 4 and 5). If the matter is currently
composed by at least three molecules, then let rq, rz and r3 be the
first three robots met from p1, pa2, and ps, resp., in the clockwise
direction. If the symmetricity of the configuration excluding r1, ra
and rs3 is 3, then rq, ry and r3 rotate along C* until creating three
molecules. If such a symmetricity is not 3 or the matter is currently
composed by less than three molecules, then the robot on C* closest
to the successive one in the clockwise direction rotates along C*
until forming a new molecule.

Task Tg. This task moves all the molecules formed on C* by means
of tasks Ty or T; to grow the matter (sub-problem Moving Molecules
(MM)), see, eg Fig. 4. The molecule closest in the clockwise direction
to the first available position of the last level of the matter not yet
filled, moves there clockwise while possibly rotating wrt its center.

Task To. It refers to the requirement of letting molecules to detect
the matter has been formed, hence no more movements are required
(sub-problem Matter Done (MD)). Clearly, only nil movements are
allowed and it is not possible to switch to any other task.

3.3 Running example

In this section, we show how robots correctly detect the task to
perform. According to the definitions of P; given in Eq. 1, in the
Compute phase, each robot evaluates — wrt the perceived config-
uration — the preconditions starting from Py and proceeding in
the reverse order until a true precondition is found. In case all
preconditions preg, preg, ..., pre, are evaluated false, then task T,
whose precondition is simply true, is performed. It follows that
the algorithm satisfies Props.
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Figure 2: Configurations belonging to tasks T (left) and T3
(right). Relative distances are reduced for space constraints.

The initial configuration in Fig. 2left is such that p(R) = 2 and
belongs to Tj. In fact, since there are no molecules formed, Mf,
M2, M1, nM3, nM2, nM1, and cM are false, that is the configuration is
not in Ty, . . . T3, respectively. Concerning iM3”/, circle Cg contains
only two robots, hence the predicate is false. Concerning iM3’, the
distance from c(R) detects 6 robots, hence the predicate is false too,
that is the configuration is not in T and then belongs to T;. During
Ti the two most internal robots move toward each other according
to mq, hence the same considerations as above hold until their
distance reduces to D and a molecule is formed, see Fig. 2.right.

The reached configuration in Fig. 2.right belongs to T3. In fact, Mf
is clearly false, that is the configuration is not in Ty. As FarC is false,
that is FarC is false (see Table 1), then M2, M1, nM3, nM2, and nM1
are false, that is the configuration in not in T, . .. T4, respectively.
Concerning iM3”’, circle Cg contains only two robots, hence the
predicate is false. Concerning iM3’, the distance from c(R) detects
6 robots, hence the predicate is false too. Since |Mol| = 1 and not
all the robots are on C* then cM is true, that is the configuration
belongs to T3. In Fig. 2 also the trajectories traced by the robots
are shown during T3 and the above Boolean values hold until the
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Figure 3: Configurations in tasks T; (left) and T5 (right).

aYs
NN

Figure 4: Two successive configurations belonging to task T;.

@

last robot reaches C*. In particular, for iM3’ it is possible that at
some point the distance from c(R) identifies exactly three robots,
however, in that case p(R’) < 3.

The reached configuration in Fig. 3.left belongs to T4. In fact,
here Mat = 0, hence Mf, M2, M1, are false and the configuration is
not in Ty, T3, nor T;. As |Mol| = 1 then nM3 and nM2 are false, that
is the configuration does not belong to Tg nor Ts. Since |Mat| = 0,
FarC is true, [Mol’| = 1 and there are no molecules on C* then nM1
is true and the configuration is in Ty. The corresponding move my
makes robots on p; and p; rotate clockwise on C* until forming two
molecules. During the movements, it is possible that one molecule
appears before the other but this does not affect the truth value of
the above predicates.

The reached configuration in Fig. 3.right belongs to Ts. In fact,
here Mat = 0, hence Mf, M2, M1, are false and the configuration
is not in Ty, T3, nor T;. As |Mol| = 3 then nM3 is false, that is the
configuration does not belong to Tg. Since |Mat| = 0, FarC is true,
[Mol| = 3 with 1 or 2 molecules on C* and 1 internal, and the
number of molecules on C* is no more than p(R) then nM2 is true
and the configuration is in T5. Here the internal molecule radially
move along L reaching the side of an hexagon of side D centered
in ¢(C*), hence making |Mat| = 1. During the movements the
truth value of the above predicates is not affected. The reached
configuration in Fig. 4 belongs to Ts. In fact, here Mf is false, that
is the configuration is not in Ty. Since |Mat| > 0, FarC is true,
[Mol \ Mat| = 2 and the matter does not admit a rotation, then
M2 holds and the configuration is in Tz. Move mg involves the two
external molecules, one by one, and leads them to be part of the
matter. During the movements and after the first molecule arrives,
[Mol \ Mat| =1 and p(R\ {r1,r2,r3}) = 1, hence the truth value of
the above predicates is not affected. The reached configuration in
Fig. 5 belongs to T;. In fact, here Mf is false, that is the configuration
is not in To. [Mol| \ |Mat| = 0, that is M2 is false the configuration
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Figure 5: Configurations in tasks T; (left) and T (right).

is not in Tg. Since |Mat| > 0, |[Mol \ Mat| < 3 and FarC is true then
M1 holds and the configuration is in T7. This holds also during the
movement of the robots.

It is easy to see that the reached configuration belongs again to
Tg and by alternating with T; the final configuration in Fig. 1.left
is achieved. According to precondition MF, the final configuration
belongs to Task Ty, where only the nil movement is performed.

The reached configuration admits symmetricity 1 whereas the
initial configuration of Fig. 2.left has symmetricity 2. According
to Theorem 2.1, this is possible since p(y) = 2. Contrarily, within
OBLOT, the disposal of the robots as specified by the defined matter
could not be achieved. However, when each molecule in M is
constituted by a single robot, then MOBLOT reduces to OBLOT.

4 CONCLUSION

In this paper, we have proposed MOBLOT, a new theoretical model
in the context of swarm robotics that extends OBLOT. MOBLOT
concerns two levels of computational entities: robots and molecules.
Robots can be very weak entities like in the OBLOT model, although
here they can be heterogeneous; molecules are more complex enti-
ties with an extent. Robots and molecules are guided by their respec-
tive distributed algorithms: the former is used to form molecules,
the latter to assemble molecules to obtain some complex structure,
the matter. Once the matter is formed, a third algorithm could even
be used to rearrange (self-reconfigure) the molecules’ positions to
get a different shape for the matter.

We have proven that there is some necessary condition for form-
ing the matter. This condition states that the symmetricity of the
initial configuration of robots must divide either the symmetricity
of some molecule, or the symmetricity of the matter to be formed.
Interestingly, this implies that the matter could be formed even
when the symmetricity of the input configuration is unrelated to
that of the matter (in such cases, the molecules play a decisive role).

There are many directions for future research in the proposed
model. The most obvious one is to investigate about a (complete)
characterization of the solvability of the matter formation problem
according to the assumed capabilities for robots and molecules.
Others concern the formalization of possible self-reconfigurable
matter problems, as well problems related to the matter movement.
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