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ABSTRACT
In the multi-type resource allocation problem (MTRA), there are

𝑑 ≥ 2 types of items, and 𝑛 agents who each demand one unit of

items of each type and have strict linear preferences over bundles
consisting of one item of each type. For MTRAs with indivisible

items, we first present an impossibility result that no mechanism

can satisfy both sd-efficiency and sd-envy-freeness. We show that

this impossibility result is circumvented under the natural assump-

tion of lexicographic preferences by providing lexicographic prob-
abilistic serial (LexiPS) as an extension of the probabilistic serial
(PS) mechanism. We also prove that LexiPS satisfies sd-efficiency

and sd-envy-freeness. Moreover, LexiPS satisfies sd-weak-strategy

proofness when agents are not allowed to misreport their impor-

tance orders. The multi-type probabilistic serial cannot deal with
indivisible items, but provides a stronger efficiency guarantee under

the unrestricted domain of strict linear preferences for divisible

items, while also retaining desirable fairness guarantees.
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1 INTRODUCTION
We focus on themulti-type resource allocation problem (MTRA) [18]

where each item belongs to one of 𝑑 ≥ 2 types and each agent

demands a bundle consisting of one item of each type. Here, items

may be either divisible [9–11, 21] or indivisible [17, 22–24].

Proc. of the 21st International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2022), P. Faliszewski, V. Mascardi, C. Pelachaud, M.E. Taylor (eds.), May 9–13,
2022, Online. © 2022 International Foundation for Autonomous Agents and Multiagent

Systems (www.ifaamas.org). All rights reserved.

Our work follows the line of research initiated by Bogomolnaia

and Moulin [5], who proposed the probabilistic serial (PS) mecha-

nism for the classical resource allocation problem [2, 5, 8, 18]. PS

is a popular prototype for mechanism designers, which possesses

the following strengths: (i) Decomposability: PS can be applied

to allocating both divisible and indivisible items, since fractional

assignments are always decomposable when 𝑑 = 1, due to the

Birkhoff-von Neumann theorem. In other words, a fractional assign-

ment can be represented as a probability distribution over “discrete”

assignments, where no item is split among agents. (ii) Efficiency

and fairness: PS satisfies sd-efficiency and sd-envy-freeness which

are desirable efficiency and fairness properties, respectively. The

remarkable properties of PS has encouraged several extensions:

to the full preference domain allowing indifferences [14, 15], to

multi-unit demands [4, 6, 13, 16], to housing markets [3, 26], and

to the bundle assignment [7, 20].

Efficient and fair resource allocation for a single type of items

(𝑑 = 1) has been well studied [1, 5, 19, 27]. However, designing

an efficient and fair mechanism for MTRAs with 𝑑 ≥ 2 types is

more challenging, especially because direct applications of PS to

MTRAs fail to simultaneously satisfy the two desirable properties

of efficiency and fairness discussed above. Recently, Wang et al.

[25] proposedmulti-type probabilistic serial (MPS) mechanism as an

extension of PS for MTRAs, but it does not satisfy decomposability.

It is unclear whether similar extensions of the PS mechanism can

be applied to the efficient and fair allocation of indivisible items

because the outcome may not be decomposable. This leaves the fol-

lowing natural question: How to design efficient and fair mechanisms
for MTRAs with indivisible or divisible items?

Our results in [12] provide a possible affirmative answer to this

question: For indivisible items, the LexiPS mechanism we propose

is efficient and fair under the natural restriction of lexicographic

preferences. As for divisible items, we prove that the existing MPS

mechanism provides a stronger efficiency guarantee under the un-

restricted domain of strict linear preferences. This paper summaries

the important results of [12].
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2 PRELIMINARIES
An MTRA is given by a tuple (𝑁,𝑀) with a preference profile 𝑅.

Let 𝑁 = {1, . . . , 𝑛} be the set of agents and 𝑀 = 𝐷1 ∪ · · · ∪ 𝐷𝑑

be the set of all the items where 𝐷𝑖 is the set of 𝑛 items of type 𝑖

for each 𝑖 ≤ 𝑑 . For all ℎ ≠ 𝑖 , we have 𝐷𝑖 ∩ 𝐷ℎ = ∅. There is one
unit of supply of each item in 𝑀 . We use D = 𝐷1 × · · · × 𝐷𝑑 to

denote the set of bundles. Each bundle x ∈ D is a 𝑑-vector and each

component refers to an item of each type. We use 𝑜 ∈ x to indicate

that bundle x contains item 𝑜 . In an MTRA, each agent demands

one unit of item of each type. A preference profile is denoted by

𝑅 = (≻𝑗 ) 𝑗≤𝑛 , where ≻𝑗 represents agent 𝑗 ’s preference as a strict
linear preference, i.e. the strict linear order over D. Let R be the set

of all the preference profiles.

A fractional allocation is a |D|-vector describing the fractional
share of each bundle allocated to an agent. Let Π be the set of all

the possible fractional allocations. For any 𝑝 ∈ Π, x ∈ D, we use

𝑝x to denote the share of x assigned by 𝑝 . A fractional assignment
is a 𝑛 × |D|-matrix 𝑃 = [𝑝 𝑗,x] 𝑗≤𝑛,x∈D , where (i) 𝑝 𝑗,x ∈ [0, 1] is the
fractional share of x allocated to agent 𝑗 for each 𝑗 ≤ 𝑛, x ∈ D,

(ii)

∑
x∈D 𝑝 𝑗,x = 1 for each 𝑗 ≤ 𝑛, (iii)

∑
𝑗≤𝑛,x∈{x̂∈D |𝑜∈x̂} 𝑝 𝑗,x = 1

for each 𝑜 ∈ 𝑀 . For each 𝑗 ≤ 𝑛, the 𝑗-th row of 𝑃 , denoted by 𝑃 𝑗 ,

represents agent 𝑗 ’s fractional allocation in 𝑃 . We use P to denote

the set of all possible fractional assignments. A discrete assignment
𝐴 is an assignment where each agent is assigned a share of one unit

of a bundle, and each item is fully allocated to some agent.

A mechanism 𝑓 is a mapping from preference profiles to frac-

tional assignments. For any profile 𝑅 ∈ R, we use 𝑓 (𝑅) to refer to

the fractional assignment output by 𝑓 and 𝑓 (𝑅) 𝑗 refer to agent 𝑗 ’s

fractional allocation in 𝑓 (𝑅) for any agent 𝑗 ≤ 𝑛 accordingly.

stochastic dominance.Given a preference ≻ overD, the stochastic
dominance relation associated with ≻, denoted by ⪰𝑠𝑑

, is a partial

ordering over Π such that for any pair of fractional allocations

𝑝, 𝑞 ∈ Π, 𝑝 (weakly) stochastically dominates 𝑞, denoted by 𝑝 ⪰𝑠𝑑 𝑞,

if for any y ∈ D,

∑
x∈𝑈 (≻,y) 𝑝x ≥ ∑

x∈𝑈 (≻,y) 𝑞x, where 𝑈 (≻, y) =
{x ∈ D|x ≻ y} ∪ {y}.

We discuss the following desirable properties for assignments in

this paper, and we say the mechanism 𝑓 satisfies a property 𝑋 if

𝑓 (𝑅) satisfies 𝑋 for any 𝑅 ∈ R.
sd-efficiency.Given a preference profile 𝑅, a fractional assignment

𝑃 is sd-efficient if there is no other fractional assignment 𝑄 ≠ 𝑃

such that 𝑄 ⪰𝑠𝑑
𝑗

𝑃 for any 𝑗 ≤ 𝑛.

sd-envy-freeness.Given a preference profile𝑅, a fractional assign-
ment 𝑃 is sd-envy-free if 𝑃 𝑗 ⪰𝑠𝑑

𝑗
𝑃𝑘 for any two agents 𝑗, 𝑘 ≤ 𝑛.

sd-weak-strategyproofness.Given a preference profile𝑅, a mech-

anism 𝑓 satisfies sd-weak-strategyproofness if for any profile𝑅 ∈ R
and agent 𝑗 ≤ 𝑛, it holds that 𝑓 (𝑅′) ⪰𝑠𝑑

𝑗
𝑓 (𝑅) =⇒ 𝑓 (𝑅′) 𝑗 = 𝑓 (𝑅) 𝑗 .

for any 𝑅′ ∈ R where 𝑅′ = (≻′
𝑗
, ≻−𝑗 ) and ≻−𝑗 denotes the prefer-

ences of agents in the set 𝑁 \ { 𝑗}.

3 MAIN RESULTS
In order for a mechanism to deal with indivisible items, it must

always output a decomposable assignment. However, Theorem 3.1

shows that no such mechanism can guarantee both efficiency (sd-

efficiency) and fairness (sd-envy-freeness) simultaneously.

Theorem 3.1. No mechanism that satisfies sd-efficiency and sd-
envy-freeness always outputs decomposable assignments for MTRAs.

Faced with this impossibility result, a natural question to ask

is whether this impossibility can be circumvented under a reason-

able restriction. The domain of lexicographic preferences provides

one such avenue, as we show: The output of our LexiPS mecha-

nism designed for MTRAs with lexicographic preferences is always

decomposable, and LexiPS retains the desirable properties of PS.

Besides, LexiPS is sd-weak-strategyproof when agents may misre-

port the ranking of items in each type, but cannot misreport their

importance orders.

Lexicographic preference. A strict preference ≻ over D = 𝐷1 ×
· · · × 𝐷𝑑 is lexicographic if there exist (i) an importance order, i.e.
a strict linear order ▷ over types {1, . . . , 𝑑} and (ii) for each type

𝑖 ≤ 𝑑 , a strict linear order ≻𝑖 over 𝐷𝑖 such that for any two bundles

x, y ∈ D, x ≻ y if there exists a type 𝑖 satisfying 𝐷𝑖 (x) ≻𝑖 𝐷𝑖 (y)
and 𝐷ℎ (x) = 𝐷ℎ (y) for any ℎ ▷ 𝑖 .

LexiPS. The algorithm of LexiPS consists of two parts, consum-

ing single items and computing assignments over bundles. The

consumption runs in 𝑑 phases. In each phase, each agent identi-

fies current most important type and only consumes items of that

type. The time for each phase is one unit. At the beginning of each

phase, every agent decides her most preferred unexhausted item

and then consumes the item at a uniform rate of one unit per unit

of time. The consumption pauses whenever one of the items being

consumed becomes exhausted, and it continues after all the agent

have decided their current most preferred unexhausted items. After

consumption, we obtain the assignment over items for each type.

We view an agent’s share of an item as the probability that she is

assigned that item in the final output, which does not depend on

what she is assigned in other types. In this way, we can compute

the assignment over bundles as the final output of LexiPS.

Theorem 3.2. For MTRAs with lexicographic preferences, LexiPS
satisfies sd-efficiency and sd-envy-freeness. Especially, LexiPS outputs
decomposable assignments.

Theorem 3.3. For MTRAs with lexicographic preferences, LexiPS
satisfies sd-weak-strategyproofness when agents report importance
orders truthfully.

The MPS mechanism [25] is not guaranteed to output a decom-

posable assignment for MTRAs even under lexicographic prefer-

ences. However, MPS can deal with the unrestricted domain of strict

linear preferences unlike LexiPS, and is still a useful mechanism for

divisible items. In fact, we show that MPS satisfies lexi-efficiency, a

stronger efficiency guarantee than sd-efficiency than LexiPS, while

retaining sd-envy-freeness. Under lexicographic preferences, MPS

is sd-weak-strategyproof even when agents are allowed to misre-

port their importance orders. We also present the family of eating

algorithms, of which MPS is a member, and show that it character-

izes the set of all lexi-efficient assignments.
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