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ABSTRACT
We study two-party policy competition as a two-player game in

which each party selects a policy vector from a compact subset

of R𝑘
and voters evaluate policies via inner products with their

preference vectors. We model electoral uncertainty by an affine

isotone winning-probability function of the total utility difference

across all voters, and define payoffs as supporters’ expected utility.

We prove existence of a pure-strategy Nash equilibrium (PSNE) in

both one- and multi-dimensional settings, with a closed-form char-

acterization in one dimension. Although the game is not monotone

in general, experiments (see the full version) suggest decentralized

gradient-based dynamics typically converge quickly to approximate

PSNE. Finally, we give a polynomial-time grid-based algorithm to

compute an 𝜀-approximate PSNE.
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1 INTRODUCTION AND MOTIVATION
Political competition has long been studied through the Spatial
Theory of Voting [3, 6, 9, 12, 15], and Duverger’s law suggests that

plurality voting promotes a two-party system [2, 5]. Motivated by

these works, Lin et al. [7] modeled two-party competition as a two-

player game inwhich each party nominates a candidate from a finite
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set, with winning probability proportional to total voter utility and

payoff defined as supporters’ expected utility, establishing PSNE

existence and PoA bounds.

In this paper, we extend Lin et al.’s work [7] from discrete candi-

dates to continuous policy proposals. Each party chooses a policy

vector in a compact subset of R𝑘
, and a voter’s utility is the inner

product between the policy and the voter’s preference vector, so

a policy may benefit supporters of either party. This continuous-

actionmodel yields an infinite strategy space, where PSNE existence

is nontrivial. Though mixed equilibria are guaranteed only for finite

games [10, 11], PSNE may fail to exist even for two players (e.g.,

Matching Pennies), and deciding PSNE existence in an 𝑛-player

finite game is NP-complete [1].

1.1 Our Contributions
Ourmodel complements classic distance-based spatial voting. Using

inner products, utility captures both directional alignment (bene-
ficial vs. harmful) and intensity, whereas distance-based models

penalize magnitude without distinguishing directions. For exam-

ple, let a voter have q = (0.1,−0.1) and consider z𝐵 = (0.3,−0.3)
and z𝐻 = (−0.1, 0.1). Although ∥z𝐵 − q∥ = ∥z𝐻 − q∥ =

√
0.08, we

have q⊤z𝐵 = 0.06 > 0 but q⊤z𝐻 = −0.02 < 0, showing that inner

products distinguish aligned and misaligned policies that distance

cannot. This formulation also highlights a natural trade-off between

satisfying supporters and compromising to attract all voters. More-

over, unlike high-dimensional majority-rule spatial models that

can be unstable [4], our isotonicity-based formulation guarantees

PSNE existence and yields a computable equilibrium benchmark.

Our contributions are as follows.

• We give a closed-form PSNE characterization in the one-

dimensional setting.

• We prove PSNE existence in the multi-dimensional setting.

• We show the game is not monotone in general; nevertheless,

simulations suggest vanilla gradient ascent often converges

to approximate PSNE in practice.

• We design a polynomial-time grid-based algorithm to com-

pute an 𝜀-approximate PSNE.
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For an extended version of this work with further details refer

to [8].

2 THE MODEL AND PRELIMINARIES
We model two-party policy competition as a two-player game be-

tween parties 𝐴 and 𝐵. Each party 𝑋 ∈ {𝐴, 𝐵} chooses a policy

vector z𝑋 ∈ 𝑆 ⊆ R𝑘
, where 𝑆 := {z ∈ [−1, 1]𝑘 : ∥z∥ ≤ 1}, and

we write z = (z𝐴, z𝐵). Voters are partitioned into supporters 𝑉𝐴
and 𝑉𝐵 with 𝑉 = 𝑉𝐴 ⊎ 𝑉𝐵 . Each voter 𝑣 has a preference vector

q𝑣 ∈ 𝑆 ; define 𝑄𝑋 :=
∑

𝑣∈𝑉𝑋 q𝑣 and 𝑄 := 𝑄𝐴 +𝑄𝐵 (normalized so

∥𝑄𝐴∥, ∥𝑄𝐵 ∥ ≤ 1). The utility that policy z provides to supporters
of 𝑋 is 𝑢𝑋 (z) := ⟨z, 𝑄𝑋 ⟩ = z⊤𝑄𝑋 .

Following the isotonicity hypothesis of [7], we model the win-

ning probability of 𝐴 by the affine isotonic function

𝑝𝐴 (z) =
1

2

+ 1

8

(z𝐴 − z𝐵)⊤𝑄, 𝑝𝐵 (z) = 1 − 𝑝𝐴 (z) . (1)

The payoff of party𝐴 is the expected utility received by its support-

ers, that is, 𝑅𝐴 (z) = 𝑝𝐴 (z) z⊤𝐴𝑄𝐴 + (1 − 𝑝𝐴 (z)) z⊤𝐵𝑄𝐴 , and 𝑅𝐵 (z) is
defined symmetrically. Each party seeks to maximize its own payoff

by choosing z𝑋 ∈ 𝑆 .

3 THE EXISTENCE OF PSNE
3.1 The One-Dimensional Setting
For 𝑘 = 1, policies are scalars 𝑧𝐴, 𝑧𝐵 ∈ [−1, 1]. Under (1) and the

payoff definition, party 𝐴’s payoff can be written as

𝑅𝐴 (𝑧𝐴, 𝑧𝐵) = 1

2
(𝑧𝐴 + 𝑧𝐵)𝑄𝐴 + 1

8
𝑄𝑄𝐴 (𝑧𝐴 − 𝑧𝐵)2,

and 𝑅𝐵 is defined symmetrically.

Theorem 1. The one-dimensional two-party policy competition
game admits a PSNE. Moreover, a PSNE can be expressed in closed
form (see the extended version [8]).

3.2 The Multi-Dimensional Setting
We now consider 𝑘 ≥ 1. Since payoffs depend on inner prod-

ucts with 𝑄𝐴 and 𝑄𝐵 , only the projection of each policy onto

span{𝑄𝐴, 𝑄𝐵}matters; hencewemay restrict to this two-dimensional

subspace. In this plane, we represent each policy by polar coordi-

nates (𝑟𝑋 , 𝜃𝑋 ), where 𝑟𝑋 = ∥z𝑋 ∥ ∈ [0, 1] and 𝜃𝑋 is the angle

relative to the corresponding supporter vector.

Lemma 1. In every best response (and thus at any PSNE), both
parties choose maximal strength: 𝑟𝐴 = 𝑟𝐵 = 1.

Theorem 2. For every 𝑘 ≥ 1, the two-party policy competition
game admits a PSNE. The proof reduces the game to angular best
responses in span{𝑄𝐴, 𝑄𝐵} and applies fixed-point arguments. Details
of the proof appear in the extended version [8].

4 BAD AND GOOD NEWS FOR
GRADIENT-BASED DYNAMICS

Pseudo-gradient view. For a differentiable game, define the pseudo-

gradient map 𝐹 (x) := (∇𝑥𝑖𝑢𝑖 (𝑥𝑖 , x−𝑖 ))𝑛𝑖=1 [14]. A profile x∗ is a
PSNE if and only if it solves the variational inequality 𝐹 (x∗)⊤ (y −
x∗) ≤ 0 for all y in the feasible set.

Although our game admits PSNE, its pseudo-gradient map needs

not bemonotone. In particular, even in the reduced two-dimensional

angular representation (with 𝑟𝐴 = 𝑟𝐵 = 1 and variables 𝑥 =

cos𝜃𝐴 , 𝑦 = cos𝜃𝐵 ), we construct (𝑥1, 𝑦1) and (𝑥2, 𝑦2) such that(
𝐹 (𝑥1, 𝑦1) − 𝐹 (𝑥2, 𝑦2)

)⊤ ((𝑥1, 𝑦1) − (𝑥2, 𝑦2)) > 0, which disproves

monotonicity (and thus rules out any 𝜆-cocoercivity). Consequently,

standard convergence guarantees for gradient methods do not apply.

(See the extended version for details and numerical values.)

Despite the above, a simple decentralized projected gradient as-

cent performswell empirically: z(𝑡 )
𝑋
← Π𝑆

(
z(𝑡−1)
𝑋

+𝜂𝑡∇z𝑋 𝑅𝑋 (z(𝑡−1) )
)
,

for 𝑋 ∈ {𝐴, 𝐵}, with a decaying step size (e.g., 𝜂𝑡 = 𝑡−0.75). Across
random preference instances and random initial policies, the dy-

namics typically converge within a few thousand iterations, and

the terminal profiles are approximate PSNE in the vast majority

of runs (see the extended version for experimental details). We

also tested an extragradient variant, but did not observe consistent

improvements.

5 DISCRETIZATION COMES TO THE RESCUE
Since the strategy space is compact, we can compute approximate

equilibria via discretization. Working in the reduced angular rep-

resentation (𝜃𝐴, 𝜃𝐵) ∈ [0, 𝜌𝐴] × [0, 𝜌𝐵] (with 𝑟𝐴 = 𝑟𝐵 = 1), the

pseudo-gradient map 𝐹 (𝜃𝐴, 𝜃𝐵) is Lipschitz with constant L =

𝑂 (∥𝑄𝐴∥ + ∥𝑄𝐵 ∥) on this domain. Therefore, a uniform grid of

spacing ℎ = Θ(𝜀/L) suffices: any unilateral deviation can be ap-

proximated by a nearby grid point with payoff loss at most Lℎ.
This yields a simple grid-based algorithm (GBA-PSNE): discretize

each party’s feasible angles, compute approximate best responses

on the grid, and return a profile with deviation gain at most 𝜀 (details

in the full version).

Theorem 3. GBA-PSNE outputs an 𝜀-PSNE in time polynomial in
the input size and 1/𝜀. Moreover, using unimodality of one-dimensional
best-response objectives on the grid, the search can be implemented in
𝑂
(
𝑛𝑘 + 1

𝜀 log
1

𝜀

)
time.

6 CONCLUDING REMARKS
We model two-party policy competition as a continuous-action

gamewith inner-product utilities and an isotonewinning-probability

rule. We validate isotonicity empirically and prove PSNE exis-

tence in both one- and multi-dimensional settings, complementing

classic spatial models that may lack equilibrium in higher dimen-

sions [13, 16]. Although the game is not monotone in general, pro-

jected gradient ascent performs well empirically, and a grid-based

algorithm yields guaranteed 𝜀-approximate PSNE in polynomial

time.

Future directions. Alternative isotone winning-probability func-

tions; multi-party competition; learning and strategic behavior

under partial information.
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